46493 


^Received  June  29,  1977) 


Mathematics  Research  Center 
University  of  Wisconsin— Madison 
610  Walnut  Street 
Madison,  Wisconsin  53706 


Julf  0977 


1 


a. 


>5-  /// 

Mh f»  7 ' ' •>/>/>  A / 


6p*fcsored  by 

U.S.  Army  Research  Office 
P.O.  Box  12211 
Research  Triangle  Park 
North  Carolina  27709 


Approved  for  public  release 
Distribution  unlimited 


Office  of  Naval  Research 
Arlington,  Virginia  22217 

National  Science  Foundation 
Washington,  D.  C.  20550 


GENERALIZED  £ OHOMOLOGICAL  JNDEX 
XHEORIES  FOR  JLIE  GROUP  ACTIONS 
WITH  AN  APPLICATION  TO  BIFURCATION 

QUESTIONS  FOR  HAMILTONIAN  SYSTEMS 

r =*-  - * 


1 6)  Edward  R. /Fade 11 /and 
Paul  H./Rabinowitz ; 


UNIVERSITY  OF  WISCONSIN  - MADISON 
MATHEMATICS  RESEARCH  CENTER 

GENERALIZED  COHOMOLOGICAL  INDEX  THEORIES 
FOR  LIE  GROUP  ACTIONS  WITH  AN  APPLICATION 
TO  BIFURCATION  QUESTIONS  FOR  HAMILTONIAN  SYSTEMS 

Edward  R.  Fadell  and  Paul  H.  Rabinowitz 

Technical  Summary  Report  #1769 
July  1977 

ABSTRACT 

A general  index  theory  for  Lie  group  actions  is  developed  which 
applies  in  particular  to  subsets  of  a Banach  space  which  are  invariant 
under  the  action  of  a compact  Lie  group  G . Important  special  cases  occur 

when  G is  or  S*.  This  theory  should  be  useful  for  problems  in- 

' 

volving  differential  equations  which  are  invariant  under  G,  in  particular 

in  obtaining  estimates  for  the  number  of  solutions  of  these  equations.  As 

an  application  a bifurcation  problem  for  Hamiltonian  systems  of  ordinary 

differential  equations  is  studied  and  estimates  are  made  on  the  number  of 

periodic  solutions  bifurcating  from  an  equilibrium  solution. 

AMS(MOS)  Subject  Classification  - 34C15 , 34C25 , 49A40 , 55C99 , 57E99 , S8F05 

Key  Words  - Lie  Group  Actions,  Cohomologi cal  Index  Theory,  Symmetry  Group, 
Bifurcation,  Periodic  Solutions,  Hamiltonian  Systems, 

Variational  Methods. 
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EXPLANATION 

An  index  theory  is  developed  which  in  particular  can  give  information 
on  the  number  of  solutions  a nonlinear  differential  equation  invariant  under 
a group  of  symmetries  possesses.  An  application  of  this  nature  is  given  to 
Hamiltonian  systems  of  differential  equations. 
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GENERALIZED  COHOMOLOGICAL  INDEX  THEORIES 


FOR  LIE  GROUP  ACTIONS  WITH  AN  APPLICATION 
TO  BIFURCATION  QUESTIONS  FOR  HAMILTONIAN  SYSTEMS 

Edward  R.  Fadell  and  Paul  H.  Rabinowitz* 

1.  Introduction 

In  another  work  [1]  the  authors  employed  a cohomological  index 
(see  also  Yang  [2,3],  Conner-Floyd  [4]  and  Holm-Spanier  [5])  in  place 
of  the  usual  notion  of  genus  [6,  7]  which  is  useful  in  symmetric  situations 
with  the  group  of  symmetry  being  Z2  , e.g.,  in  the  consideration  of  (odd) 

maps  f such  that  f(-x)  = -f(x)  . Replacing  genus  by  this  cohomological 
index  was  dictated  by  the  need  of  additional  property — the  piercing  property 
(Proposition  3.9).  In  this  paper  we  extend  this  idea  of  cohomological  index 
to  the  general  situation  where  the  symmetry  group  is  an  arbitrary  compact 
Lie  group  G . It  turns  out  that  any  cohomology  class  a e H*(B~)  , where 
Bq  is  the  universal  classifying  space  for  G , gives  rise  to  an  integer, 
index^X  , where  X is  an  arbitrary  paracompact  free  G-space,  and  this 
index  enjoys  (§3),  quite  generally,  the  usual  notions  required  of  such  a 
theory,  including  the  piercing  property.  Section  4 is  devoted  to  three 
important  special  cases,  namely  when  a is  specialized  to  the  generator  of 
the  cohomology  of  FP°°  , infinite  projective  space,  where  F is  either  the 
reals  ]R  , the  complex  numbers  (E , or  the  quaternions  IH  , and  the  group 

This  research  was  sponsored  in  part  by  the  Office  of  Naval  Research  under 
Contract  No.  N00014-76-C-0300,  by  the  U.  S.  Army  under  Contract  No. 
DAAG2  9 -75-C-0024,  and  in  part  by  the  National  Science  Foundation  under 
Grant  No.  NSF  MCS7&-06373.  Any  reproduction  in  part  or  in  full  for  the 
purposes  of  the  U.  S.  Government  is  permitted. 
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G is  the  unit  sphere  in  IF  . We  use  trie  notation  , n.aex^.-  , 

index^X  , for  these  three  cases.  The  first,  indexRX  , is  equivalent  m a 
restricted  category,  to  the  cohomological  index  of  Yang  [2,  i j . This  is 
the  index  employed  in  [1]  and  it  is  designated  in  Conner-Floyd  [4]  by 

co-index_  X . In  Section  5 we  reformulate  the  theory  in  the  setting  of  a 

*2 

normed  linear  space  ft  over  IF  using  the  notion  IndeXjpX  = index^X  + 1 . 

In  applications  of  interest,  where  the  underlying  group  of  symmetry 
is  , the  resulting  action  may  not  be  free  due  to  the  presence  of  isotropy 
subgroups  of  arbitrary  order.  Accordingly,  in  Section  6,  we  employ  the 
index  theory  developed  for  free  G-spaces,  to  define  index  theories  in 
the  general  situation,  namely  the  category  of  paracompact  G-spaces 
without  the  assumption  of  a free  action.  The  basic  idea  here  is  to  use  the 
equivariant  cohomology  H‘(X)  of  A.  Borel  [8,9]  rather  than  the 

cohomology  H*(X/G)  of  the  orbit  space  which  is  used  in  the  free  case. 
Section  7 is  devoted  to  the  special  cases  of  non-free  actions  which  arise  in 
our  applications. 

In  our  earlier  paper  [1] , the  index  theory  given  there  (for  a free 
action)  was  used  to  help  obtain  lower  bounds  for  the  number  of  zeroes  an  od< 
potential  operator  possesses  near  a bifurcation  point  as  a function  of  an 
eigenvalue  parameter.  In  §8  (Theorem  8.4)  we  shall  show  how  the 
constructions  of  [1]  in  conjunction  with  the  index  theories  developed  here 
(for  a non-free  S^  action)  give  similar  lower  bounds  in  problems  involving 
the  bifurcation  of  time  periodic  solutions  from  an  equilibrium  point  for 
Hamiltonian  systems  of  ordinary  differential  equations.  Bifurcation  questio 


3 

for  Hamiltonian  systems  have  been  studied  recently  by  Weinstein  [10] 
and  Moser  [11]  from  another  point  of  view.  While  completing  the  final 
draft  of  this  paper,  we  learned  of  the  work  of  Chow  and  Mallet- Paret  [12] 
who  also  observed  that  the  methods  of  [1]  can  be  applied  as  we  do  in  §8  . 
In  particular  they  obtain  a special  case  of  Theorem  8.4  corresponding  to  a 
free  S*  action. 
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Z . Preliminaries 

Let  G denote  a compact  Lie  Group  and  3 the  category  of  paracompact 
free  G-spaces.  More  precisely,  an  object  in  3 is  a paracompact 
(Hausdorff)  space  X together  with  a continuous  (left)  action  u : G x X — X 
(where  u (g,x)  is  written  gx ) such  that  gx  = x , g e G , xsX, 
implies  g = 1 , the  identity  of  G . The  morphisms  of  3 are  equivariant 
maps  f : X -Y,  i.e.,  f(gx)  = gf(x)  . Given  an  object  X e 3 , set  X=  X/G  , 
the  corresponding  orbit  space  with  the  identification  topology  and  let 
p : X — X denote  the  associated  identification  map. 

This  category  3 may  be  identified  with  the  category  Prin  G of 
locally  trivial  principal  G-bundles  with  paracompact  base  by  means  of  the 
functor 

P : X — (X,  p,  X,  G)  . 

To  see  this  requires  a few  remarks.  First,  we  recall  the  ingredients  of  a 
locally  trivial  principal  G-bundle  with  paracompact  base,  i.e.,  an  object 
in  Prin  G : 

2.1.  Definition.  A locally  trivial  principal  G-bundle 
i = (X,  p,  B,  G)  with  paracompact  base  is  : 

(i)  A triple  (X,  p,  B)  where  p : X - B is  a surjective  map  of 
topological  spaces,  and  B is  paracompact. 

(ii)  A free  right  action  : X x G - X (with  4-(x,  g)  written 
xg  and  xg  = x only  when  g = 1 ) such  that : 
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(iii)  Let  A = {(x^x^)  Xx  X:  piXj)  pfx^)}  . Then 
<xl»x2>  A if,  and  only  if,  there  is  a (unique)  g-  u(x,,x2)  in  G such 
that  x^g  ~ and  the  function  a:A-G  is  continuous. 

(iv)  p admits  local  sections,  i.e.,  there  is  an  open  cover  {U.} 
of  B and  maps  c.  : U.  -X  such  that  po.(b)  = b , b U.  . 

Recall  also  that  for  £ = (X,  p,  B,  G)  e Prin  G , all  the  fibers 

p (x)  , x X , are  homeomorphic  to  G and  we  have  a local  product 
structure 

<p  . 

p_1(uj)  ..  uj  x G 


given  ry;  <p}(x)  = ,,(  Cj(p(x)), x)  , <p.( b,  g)  = c.(b)g  . 

Returning  to  the  functor  P : 5 — Prin  G we  transform  the  left  G-space 
X to  a right  space  in  the  conventional  manner  by  setting  xg  = g~^x  . Thus, 

£ = (X,  p,X,G)  satisfies  (i)  and  (ii),  leaving  the  paracompactness  of  X 
aside  for  the  moment.  Since  X is  a fortiori  completely  regular,  the  now 
classical  cross  section  theorem  of  A.  Gleason  [13]  applies  to  give  both 
(iii)  and  (iv).  Now  that  £ is  locally  trivial,  it  is  a simple  exercise  to 
show  that  X is  paracompac. L using  the  paracompactness  on  X and  the 
compactness  of  G . Thus,  P provides  a bijective  correspondence  between 
the  category  7 as  asserted.  We  might  note  that  in  both  3 and  Prin  G 
we  are  identifying  equivalent  objects  where  the  morphisms  in  3 are 


equivariant  maps  and  those  in  Prin  G are  bundle  maps. 


In  the  presence  of  paracompactness  of  the  base  B , every 
4 - (X,  P,  B,  G)  Prin  G is  a numerable  principal  G-bundle  in  the  sense  of 
Dold  [14]  and  hence  there  is  a universal  numerable  principal  G-bundle 


ri  = (E~,q,B~,G)  giving  rise  to  a natural  equivalence 


T : [B,  Br]  « Prin  B 


where  [B,  B^]  is  the  set  of  homotopy  classes  of  maps  from  B to  B^  and 
Prin„B  is  the  set  of  (equivalence  classes  of)  principal  G-bundles  with 

Li 

base  B (see  [14]).  The  transformation  T assigns  to  f : B - B^  the 

induced  bundle  f ' (ri)  over  B . Thus,  given  a principal  G-bundle 

i = (E,  p,  B,  G)  , there  is  a map  f : B ~ BG  , called  the  classifying  map 

which  induces  £,  (up  to  equivalence)  and  f is  unique  up  to  homotopy. 

In  our  case  G is  a compact  Lie  group  and  a universal  G-bundle 

ri  = (E~,  q,B„,G)  may  be  constructed  as  follows.  First  realize  G as  a 

subgroup  of  some  orthogonal  group  &(k)  for  k sufficiently  large.  Let 

V , denote  the  space  of  orthonormal  k-frames  in  ]R  so  that 
n,  k 


vn  . CV,  , C CV  , c 

0,k  — 1,  k — — n,  k — 


Then,  V , = U V , is  the  total  space  of  the  universal  &(k)-bundle 
°°'k  n>0  n,k 

l = (V  . ,p  ,G  , ,©(k)),  where  G , is  the  union  of  the  Grassmannians 
” 00,  k oc'  00,  k 00,  k 

G , = V , /&(k)  . V , is  paracompact  and  contractible  and  G , is  a 
n,  k n,k  ' oo,  k oc,k 

CW-complex  [15, 16]  . GC  &(k)  acts  freely  on  the  total  space  V ^ and 
hence  if  we  set  E~  = V , and  B„  = V , /G  with  identification  map 

O oo,  K L*  oo,  K 

q : E„  — B~  , we  have  a principal  G-bundle  n = (E^.q,  Bp,,  G)  which  is 
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numerable  because  B„  is  paracompact;  and  universal  for  arbitrary 
numerable  principal  G-bundles  because  EG  is  contractible  [14]  . In 
particular,  because  V . and  G are  locally  contractible  so  is  and 

00,  K vj 

hence  the  singular  cohomology  of  B„  and  the  Cech-Alexander-Spanier 
cohomology  of  B^  are  isomorphic  [17]  • 


The  cohomology  employed,  unless  otherwise  stated,  will  be 

\/ 

Cech-Alexander-Spanier  [17]  • 


’ 


3.  The  a- index 

Let  G denote  a compact  Lie  group  and  choose  an  element 
(characteristic  class)  a in  the  cohomology  group  H«(BG,A)  , where 
B = V k/G  is  the  base  space  of  the  universal  bundle  r,  described 
at^ the  end  of  the  previous  section ; and  A is  a (non-trivial)  principal 
ideal  domain  serving  as  (simple)  coefficients. 

3.1.  Definition.  Let  X € 3 denote  a paraoompact  free  G-space. 

Let  P(X)=  (X.P.X.G)  denote  the  corresponding  principal  G-bundle  and  let 

f • X - B„  denote  a classifying  map  for  P(X)  . Set 

index  X = max(k  : f‘  (ak)  / 0 » k s 0)  . 

o 

3.2.  Remarks.  H*(X, A)  and  H*(BG.. A)  are  rings  with  the  usual 
cup  product  structure  [17]  and  f*  above  is  a ring  homomorphism.  We  set 
e°  = 1 , the  unit  element,  so  that  when  X is  non-empty  f“<l)  - ' / ° and 
hence  index.X  a 0 for  X / f>  • If  X = B we  set  indexQX  = 

If  r<ak>  / 0 for  infinitely  many  k . we  set  indexQX  = °=  • Notice,  also 
that  indexQX  is  independent  of  f since  classifying  maps  for  equivalent 
bundles  are  homotopic. 

We  now  proceed  to  verify  the  basic  properties  of  index^  . 

3.3.  Proposition  (Monotonicity).  Let  : X — Y denote  a 

morphism  of  3,  l.e..  *,  is  an  equivariant  map  of  paraoompact  free 

G-spaces.  Then, 

index  X « index  Y • 

a u 


fc 
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Proof.  Let  f denote  a classifying  map  for  PVJT)  = (Y,  Py,  Y,  G)  . 
Then  <p  induces  a bundle  map  and  a diagram 


with  flp  serving  as  a classifying  map  for  PX  = (X,  p^,  X,  G)  . Thus, 


5>*f*(ak)  / 0 implies  f*(ak)  ^ 0 so  that 


index  X s index  Y . 

a a 

3.4.  Corollary.  Let  <p  : X — Y denote  an  equivalence  in  3,  i.e. 
an  equivariant  homeomorphism.  Then,  index^X  = indexQY  . 

3.5.  Proposition  (Continuity).  Let  X denote  an  object  in  3 and 
A a closed  invariant  subset  ofX,  i.e.,  ga  e A , a e A , g e G • Then, 
there  exists  a closed  invariant  neighborhood  N of  A such  that 

index  N = index  A . 

q a 

Proof.  Let  h denote  the  family  of  invariant  neighborhoods  of  A 
directed  by  inclusion  and  let  P denote  the  subfamily  of  paracompact 
invariant  neighborhoods  of  A . Given  any  N e h , let  C denote  a closed 
neighborhood  of  A such  that  A C C C N . Since  G is  compact  GC  is 
again  a closed  neighborhood  of  A and  being  closed  GC  is  paracompact 
with  A C GC  C N . This  shows  that  P is  cofinal  in  h , and  hence 
[17,  P.  316] 
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11m  Hq(N)  » Hq(A) 
P 


Since  for  N e P , A C N , we  have  index^N  2 index^A  . If  index  A = * , 

then  for  every  N e P , index  N = oo  so  that  we  may  assume  index  A = k 

a u 

Let  f denote  a classifying  map  for  (N,  N,  p^,  G)  , N e f3  , and  consider  the 
maps 


5fc  5 £ I,  I I 

with  i f^(a  ) = 0 . Using  the  isomorphism  (1)  there  must  exist  an 

5jj  i 1 

NQ  e P such  that  fN  (a  ) = 0 so  that  index^NQ  s k . Thus, 

index  Nrt  = k and  the  proposition  follows, 
a 0 

3.6.  Proposition  (Subadditivity).  Let  X denote  an  object  in  3 and 
and  A and  B closed  invariant  subsets  of  X such  that  X = A U B . Then 


index  (A  U B)  ^ index  A + index  B + 1 

q a a 


Proof.  The  proof  will  make  use  of  the  cup  product  in  Alexander- 


Spanier  cohomology  ([17],  p.  315) 


H^A)  ® HS(X,  B)  — Hr+S(X,  A U B) 


which  requires  that  the  interiors  of  A and  B cover  X . However,  in  view 
of  Proposition  3.5  we  may  assume  without  loss  of  generality  that  this  is  the 
case  and  proceed.  Observe  also  that  we  need  only  concern  ourselves  with 

the  case  when  index  A = a and  index  B = b are  finite.  Consider  the 

a a 

diagram 


>.  . 


where  i^,  are  inclusions  and  f is  a classifying  map  for  (X,  p^,X,  G). 


mv  .♦  r&  . a + 1.  ^ / b + 1. 

Then,  i,F(a  ) = 0 = i2f  (a  ) 


so  that  if  jj  : X — (X,  A) 


u : X — (X,  B)  are  also  inclusions  f (ct  j and  f (a  l)  pull  back  under 
and  , respectively  and  then  the  diagram 


r c r«j 

H (X,  A)  ® H (X,  B) 


r + c ^ <v  /v 

tr  (X,  a u B) 


H^X)  ® HS(X)  > Hr+S(X) 

with  r = (a+1)  dim  a , s = (b+1)  dim  a shows  that  f^a3*'3*2)  = 0 so  that 

index  X ^ a+b+1  . 

a 

3.7-  Proposition  (Normalization)  index  G = 0 , 

/v 

Proof.  This  is  immediate  because  G is  a point. 

3.8.  Proposition  (Dimension).  If  Xe  J , X = X/G  , then 
(index^X)  (dim  q)  s dim  X 

Proof.  This  is  immediate  also  because  the  cohomology  of  X 


vanishes  in  dimensions  bigger  than  dim  X ([17],  p.  359). 
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3.9.  Proposition  (Piercing  Property).  Let  Xc  5 and  suppose 
X = Xq  U Xj  where  Xq  and  are  closed  invariant  subsets.  Suppose 
further  that  A-;3  and  <p  : A x I — X is  equivariant  imbedding,  i.e., 

<p(ga,  t)  = g<p(a,  t),  g • G,  a e A , t e I = [0, 1 ] . We  assume  also  that 
<p( A x I)  is  closed  in  X . If  Aq  = ip( A x {o})  C Xq  and 
Aj  = cp( A x {l})  C Xj  , then 

index  <p(h  x I)  n Xn  H X,  = index  A 
a 0 1 a 

Proof . First,  there  is  no  loss  of  generality  in  assuming  that  Aq  = A 
and  <p(  a,  0)  = a , a e A . Let  Y = proj^  ° <p~ 1 : <p(A  x I)— AX  I— A, 

C = <p( A x I)  fl  XQ  H Xj  and  Y^.  = Y|  C : C — A and  observe  that  the  maps 
Y and  Y^-,  are  equivariant.  Thus,  indexQ  C ^ index^  A . Now,  to  prove 
equality  it  suffices  to  show  that  Y^  induces  injections 
Y*  : Hq(A)  — ■ Hq(C)  for  all  q , where  A=  A/G  and  C = C/G  . 

This  is  done  as  follows.  Introduce  the  notation  BQ  = XQ  H <p( A x I)  , 

Bj  = Xf  H <p( A x I)  and  the  inclusion  maps 
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where  Bg  fl  Bj  = C . All  these  sets  and  maps  are  equivariant  and  working 
in  the  corresponding  orbit  spaces  AQ  = AQ/G  , etc.  we  have  a 
Mayer- Vi etoris  Sequence 


Hq(B0  U Bj)  Hq(B0)  0 Hq(Bx) 


HW(B0  n Bj) 


where  t,  = (i^ , -i^  ) , r\  = + P*  . We  assert  first  that  1*  is  an 

injection  for  suppose  7*(x)  = 0 . This  implies  that  t](x,  0)  = 0 and  hence 
4(y)  = (x,  0)  for  some  y e Hq(BQ  U 8^)  . This  forces  i*(y)  = 0 and  hence 

jj  (y)  = 0 • But  jj  and  hence  j^  : A^ » BQ  U B^  are  homotopy  equivalences 

which  forces  y = 0 and  hence  i*(y)  = x = 0 . Thus  T*  is  an  injection. 

Finally,  let  = y\  BQ  : BQ > A which  is  a retraction  of  BQ  to  A . 

The  diagram 


Hq(A) 


^ >jc 

then  exhibits  as  the  composition  of  injections  and  the  proof  is  complete. 

3.10.  Corollary : If  in  Proposition  3 . 9 , we  assume  only  that  cp 
is  an  equivariant  map  (not  necessarily  an  imbedding),  then 

index  <p(A  x I)  fl  Xn  D X.  ^ index  A 
a '01  a 
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Proof.  Let  Y = AX  I , YQ  = ?_1(X0)  , • Then, 

^YqHYj  -#x  i)nxQn  x: 


is  equivariant  and 

indexa  YQ  H Y^  ^ indexQ  <p{ A x I)  fl  XQ  fi  Xj  . 

By  applying  Proposition  3.9  to  (Y,  Yq,Y^)  we  obtain 

index  Yn  fl  Y,  = index  A 
a 0 1 a 

and  the  required  inequality. 

3.11.  Remark . As  pointed  to  us  by  L.  Sonneborn,  the  result  in 


Corollary  3.10  for  the  special  case  of  a free  Z^-action,  is  proved  and 
employed  by  Yang  in  the  proof  of  his  Generalized  Kakutani-Yamabe-Yujobo 
Theorem  [18]  . 


15 


4.  Specializations 

We  now  consider  three  special  cases  of  the  a-index  where  the  compact 
Lie  Group  G is  S°  , S*  or  S3  , i.e.  G is  the  unit  sphere  in  F where 
F = F , (E  , IH  , i.e.  Fis  the  reals,  complex  numbers  or  quaternions. 

4.1.  Definition.  Define  index^  in  the  three  cases 
F = 1R  , (E  , IH  as  follows : 

(a)  F = 1R  . Here  G = S°  = 25L,  and  3 is  the  category  of  paracompact 

spaces  on  which  acts  freely.  The  coefficient  ring  A is  2Z-,  and  the 
universal  classifying  space  is  F P°°  with  H^IF  P°°;  X,)  the 

polynomial  ring  on  a single  generator  w e H*(F  P°°,  We  set 

index-  X = index  X , X e 3 

JK  W 

(b)  F = (E  . Here  G = S , the  complex  numbers  of  norm  1 , and 

3 is  the  category  of  paracompact  spaces  on  which  S*  acts  freely.  The 

coefficient  ring  A is  2£  and  the  universal  classifying  space  B i is  (EPr 

S 

$ oo 

with  H (CEP  ;Z)  the  polynomial  ring  on  a single  generator 
c e H^CEP^Z).  We  set 


index_,X  = index  X 
(E  c 


3 

(c)  F = IH  . Here  G = S the  group  of  quaternions  of  norm  1 , 

3 

and  3 is  the  category  of  free  paracompact  S -spaces.  The  coefficient 

ring  A is  22  and  the  universal  classifying  space  B 3 is  JHPF°  with 

S 

H (IHP°°,Z)  the  polynomial  ring  on  a single  generator  a e h (IHP^Z). 


ilk*-*.  ■ 


ft. 
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We  set 


index j^X=  index  ^X  , Xe  3 . 

4.2.  Remarks . The  first  case  (a)  is  equivalent,  in  a restricted 
category  to  the  index  of  Yang  [2,3].  It  appears  also  in  Conner-Floyd  [4] 
where  it  is  denoted  by  co-index  X and  also  in  Holm-Spannier  [5]  . 

An  alternative  development  which  includes  a variant  form  of  the  "piercing 
property"  (Proposition  3.9)  along  with  an  application  to  a bifurcation 
theorem  is  contained  in  [1]  . 

Furthermore,  the  class  w in  (a)  is  the  first  universal 
Stief el -Whitney  class,  while  c in  (b)  is  the  first  universal  Chern  class 
[19]. 

We  now  proceed  to  prove  some  special  properties  of  index^ 
where  F = ]R,  <E,  IH  . 

4.3.  Proposition  (Stability).  Let  G denote  the  unit  sphere  in  F . 
Then,  if  X e 5 , let  X ° G denote  the  join  of  X and  G with  G acting  by 
g(x,t,y)  = (gx,t,  gy)  , x e X , yeG,  tel.  Then,  if  X is  locally 
contractible 


index^X  ° G = indeXjpX  + 1 

Proof . First  we  remark  that  X ° G is  paracompact,  and  following  a 
suggestion  of  K.  Kunen  , a proof  of  this  result  may  be  effected  using  a result 
of  Michael  [20]  . Furthermore,  X ° G is  easily  seen  to  be  locally 
contractible.  This  forces  the  orbit  spaces  X = X/G  and  B = X«  G/G  to 
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be  paracompact  and  locally  contractible.  Then  index^X  ° G is  defined 
and  we  may  equivalently  employ  singular  cohomology  ([17] ) in  dealing 
with  the  notion  of  index^,  . Now,  we  have  the  following  inequalities 

index^X  s index^X  o G ^ index^X  + 1 . 


The  first  holds  because  X equivariantly  imbeds  in  X ° G and  the  second 
because  X ° G can  be  written  as  the  union  of  two  closed  invariant  subsets 
Aq  and  Aj  with  index^,  AQ  = index^  X and  indexp  Aj  = 0 and  Proposition 
3.6  applies.  To  complete  the  proof  we  make  use  of  a standard  argument 
using  the  Gysin  sequence  ([17],  P*  260).  Recall  that  our  G-bundles  are 
now  orientable  sphere  bundles  since  G is  0-connected  when  F = (D  or  IH 
and  we  are  using  Z^-coefficients  when  F = 1R  • Let  B = X ° G and 
consider  the  following  diagram  of  Gysin  sequences  for  the  bundles 
(X,  pv,  X,  G),  (B,  pD,  B,  G)  , where  i : X — B is  the  inclusion  map 

X D 

i(x)  = [x,  0,  G] , and  d = dim  G . 


->  Hk+d(X)  Hk+d(X) > Hk(X)  Hk+d+1(X) 


i 


4- 


A 


Tk+d 


B _ TIk+d 


k,~v  ^B  . TTk+d+l 


->  H (B)  — ^ H (B) * H (B)  — ^ H 


(B) 


Suppose,  as  we  may,  that  index^X  = index^  B = k<  oo  . Then,  we  would 

k.  ^ * 

have  a non-zero  element  u e H (B)  such  that  ijjg(u)  = 0 and  hence  which 
pulls  back  to  Hk+d(B)  and  which  also  has  the  property  that  i”  (u)  / 0 . 
This  forces  i to  be  non-trivial.  But  when  k + d > 0 , i*  is  trivial 
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which  is  a contradiction  unless  k = 0 , d = 0 . This  special  case  is 
disposed  by  observing  that  B contains  ° as  an  invariant  subset, 

and  index^  S*  = 1 • 

4.4.  Remark.  Proposition  4. 3 in  the  case  IF  = R and  X is 
compact  is  due  to  Conner-Floyd  [4]  . The  proof  is  a simple  adaptation 
of  theirs. 

4.5.  Corollary ; mdexp  S = n , where  S is 

the  unit  sphere  in  Fn+*  and  d = dim  G . 

Corollary  4.5  has  the  following  extension.  The  special  case 
F = R is  similar  to  a result  of  Holm  and  Spanier  [5] . Our  proof  is  different 
making  use  of  the  transfer  map  [21] . Hie  action  on  Fn+'*'  is  scalar 
multiplication . 

4.6.  Proposition.  (Boundary  of  Invariant  Neighborhoods) . Let  M 

denote  a topological  G-manifold  of  dimension  (d  + 1)  (n  + 1)  = dim  F11  ^ , and 
U an  open  invariant  set  in  M with  compact  closure.  Let  F°+1  denote 
Euclidean  (n  + 1) -space  over  F and  : (U,9U)  (Fn+^,  F*1  ^ - 0)  an 

equivariant  map,  where  9U  represents  the  boundary  of  U and  G acts  freely 
on  9U.  Then,  if  the  degree  of  * is  ^ 0 (using  TL ^ in  case  F = F) , 

indexr  9U  = n . 

Proof.  We  may  assume  without  loss  of  generality  that  is  defined  on 
an  equivariant  neighborhood  V of  U and  <e  ^ (S)  = 9U  where  S is  the  unit 
sphere  in  Thus,  we  have  <p  : (V,V  - 9U)  ■+■  (Cn+''",CCn+'*‘  - S)  and  <p  has 

non-zero  degree  6 by  assumption,  i.e.  if  B = 9U  and  oB  and  Og  are 


f 
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respectively  fundamental  classes,  ^(Og)  = 6og.  Thus,  we  are  in  a position 

to  apply  the  transfer  map  t : H*(B)  H*(S)  with  tv*  = 6 (id)  . Thus 

* * * 

'P  : H (S)  -*■  H (B)  injects.  New,  look  at  the  bundle  map 

B £ * S 

i ■>  FPn 

where  B = B/G  and,  of  course,  F Pn  = S/G.  Now  a simple  Gysin  sequence 
argument  (over  7L^  in  case  F = F)  tells  us  that  in  the  top  dimension 
r = (d  + l)n,  ^ : Hr(FPn)  -*■  Hr(B)  injects  which  forces  index—  3U  = n. 

4.7.  Remark.  C.  Conley  pointed  out  to  us  that  the  special  case  of 
Proposition  4.6  for  M = Fn+‘*'  and  U a bounded  open  set  containing  the 
origin  follcws  immediately  from  the  Piercing  Property  (Proposition  3.9) . 
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5 . A Reformulation 

1 

Let  B denote  a normed  linear  space  over  F = IR,  CD,  or  IH  . 

Furthermore,  if  6^  = J3— { 0 } and  G is  the  unit  sphere  in  F , G acts 
freely  on  B^  . Let  £ denote  the  family  of  invariant  subsets  of  B.  . 

Then,  each  X e £ is  a paracompact  free  G-space  and  we  define 

Index,-,  X = index_,  X + 1 
Jr  Jr 

Letting  IN  denote  the  non-negative  integers  we  may  summarize  the  contents 
of  the  previous  sections  in  this  setting  as  follows : 

5.1.  Theorem.  The  function  IndeXjp  : £ ■>  IN  possesses  the 

following  properties;  where  X,  Y,  • • • € £ : 

1°  If  X = 0 , IndeXp  X = 0 ; if  X/0,  IndexF  X > 1 

2°  (Normalization)  IndexF  G = 1 

3°  (Dimension)  Index^,  X • dim  F ^ dim  X 

4°  (Monotonicity)  4j  : X > Y equivariant  implies  that 

IndexF  X s Index^,  Y . In  particular,  equality  holds  if  ib  is  also  a 

homeomorphism.  j 

5°  (Continuity)  If  X is  closed,  there  exists  a closed  invariant 
neighborhood  N of  X such  that 

IndexF  X = IndeXjp  Y 


for  any  invariant  set  Y , X C Y C N . If  X is  compact  N may  be  chosen 
as  a uniform  neighborhood 
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Ng(X)  = {b  £ B : ||  b - x||  s 6}  . 

6°  (Subadditivity).  Index^  (XU  Y)  =£  index^X  + Index^Y 

7°  (Neighborhood  of  Zero)  If  B = ]Fn+*  and  U is  a bounded 

open  invariant  neighborhood  of  0 , then 

IndeXp  3U  = n + 1 

8°  (Stability)  If  X is  closed,  and  X ° G is  the  join  of  X with 
G , realized  in  fl  4 F , then 

IndeXpX  « G = Index^X  + 1 

9°  (Piercing  Property)  Let  XQ  , X^  , A , denote  closed  subsets 

in  £ and  <p  : A x I ?*■  XQ  U X^  an  equivariant  imbedding,  i.e. 

«?(ga,t)  = gc>(a,t)  . Suppose  further  that  <p( A x I)  is  a closed  subset  and 
<p( A x {0})  C XQ  and  <p( A x {l})  c Xj  . Then 

IndeXp  <p( A x I)  ft  XQ  H X^  = IndeXjpA 

10°  (Infinity)  If  B has  infinite  dimension  and  S is  the  unit 
sphere  in  B ; then  Index^,  s = oo  . 

5.2.  We  need  to  make  a remark  about  8°  since  we  did  not  assume 
that  X was  locally  contractible.  This  is  because  5°  allows  us  to  replace 
X by  a locally  convex  neighborhood.  Also  10°  follows  because 
Index  S is  certainly  defined  and  S contains  invariant  spheres  of 
arbitrarily  high  (finite)  dimensions. 
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6.  a-index  for  Non-Free  Actions 

In  this  section  we  develop  the  general  theory  for  actions  which  are 
not  necessarily  free.  Our  compact  Lie  Group  will  be  fixed  throughout  this 
section  and  the  notation  for  our  principal  G-bundle  tj  = (E^,  q,  Bq,  G) 

(Section  2)  will  be  shortened  to  ^ = (E,  q,  B)  . We  note  the  important 
fact  that  our  universal  total  space  E is  V , which  is  the  union  of 

oo,  k 

countably  many  compact  sets  (o-compact).  Hence,  ([20])  E x x is 
paracompact,  whenever  X is  paracompact.  Accordingly,  we  let  3^  denote 
the  category  of  all  paracompact  (Hausdorff)  G-spaces  X , making  no 
assumptions  that  the  action  be  free  or  even  non-trivial.  We  also  fix  once 
and  for  all  an  element  a e Hq(B,A)  , where  A is  a (simple)  coefficient 
ring. 

6.1.  Remark.  If  one  wanted  to  extend  these  ideas  to  include  more 

general  topological  groups  G , the  G- space  X would  have  to  be 

restricted  to  have  the  property  that  if  E_  is  paracompact,  then  E~  x X 

G Lj 

is  also  paracompact.  This  is  the  case,  e.g.,  when  X is  locally  compact  or 
o-compact  (see  Dugundji  [22]  and  Michael  [20,23]). 

Now,  take  a G-space  X e 3^  . Then,  G acts  freely  on  E x G 
by  the  usual  action 

g(e,x)  = (eg  *,gx)  , g?G,  eeE,  x e X 

The  resulting  orbit  space  (E  x X)/G  which  is  usually  designated  by 
EXgX  is  the  total  space  of  the  associated  bundle  (E  xG  X,  p^,  B)  , where 
Px  is  induced  by  qj^  where  jj  : E x X - E is  projection  on  the  first  factor. 


| 
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Notice,  then  that  EX  X,  with  this  free  G-action  belongs  to  our  category 
3 of  Section  3 and  we  may  introduce  the  following  definition. 


6.2.  Definition.  For  X e 3.,.  , set 


index  X = index  Ex  X 

a a 


where  index  E X X is  as  defined  in  §3  . Alternatively,  consider  the 

a 

diagram 

h 

E X X > E 


exgx 


where  jj  is  projection  on  the  first  factor  and  set 


index-1  X = max  {k  : p' (a  ) ^ 0 , k > 0} 

Q A 


Before  we  investigate  the  properties  of  index^  : — 2£ 


we  first  check  consistency. 


6.3.  Lemma.  If  Xe  3 


index  X = index  X 

a a 


Proof.  Consider  the  diagram 


E X X 


exgx 
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where  is  (equivariant)  projection  on  X . Then,  one  shows  easily  that 

7-,  is  a locally  trivial  map  with  contractible  fiber  E . This  forces  to  be 

* 

a homotopy  equivalence  [14]  and  hence  index^  X = index^  E x^,  X = index^  X • 
We  now  proceed  to  verify  the  properties  of  this  index  on  5^  . 

6.4.  Proposition  (Monotonicity).  Let  y : X — Y denotea 
morphism  of  3^  , i.e.,  <p  is  an  equivariant  map  of  locally  compact  G-spaces. 

Then, 

$ $ 

index  X :£  index  Y 
a a 

Proof.  Immediate,  since  lx<p:ExX-*-ExY  is  equivariant. 

Before  we  establish  the  Continuity  Theorem  in  this  setting  we  recall 
[24,2  5]  that  our  universal  space  E = V , has  the  property  that  E is  the 

oo  g K 

ascending  union  of  compact  manifolds 

E1  C E2  C • • • C Em  C Em+1  C • • • 

with  the  following  properties,  where  X e , 

m 

a)  The  homotopy  groups  rr^(E  ) = 0 , i < m 

b)  The  inclusion  map  Em  C Em+1  induces  isomorphisms 
(any  coefficients) 

Hq(Em+1  XQ  X)  - Hq(Em  xQ  X)  , 

c)  Since  E xQ  X is  paracompact 

lim  Hq(Em  xQ  X)  * Hq(E  xQ  X) 


k i 


q < m 
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so  that  the  inclusion  map  induces 

d)  Hq(Em  xG  X)  » Hq(E  XQ  X)  , q < m 


6.5.  Proposition  (Continuity).  Let  X denote  an  object  in  3^ 
and  A a closed  invariant  subset  of  X , i.e.,  ga  e A when  a e A and 
g s G . Then,  there  exists  a closed  invariant  neighborhood  N on  A such 

5§C  jjc 

that  index  N = index'  A . 

a a 

Proof.  The  proposition  is  obvious  for  index^  A = oo  , so  we  may 
assume  that  index  A < oo  . 

Q 

First  choose  a closed  invariant  neighborhood  V of  A in  X . 

Then  E x A is  a closed  invariant  subset  of  E x V e 3 . By  the  Continuity 
Theorem  for  free  actions  (Proposition  3.5),  there  is  a closed  invariant 
neighborhood  W of  Ex  A in  Ex  V such  that 


index  Ex  A = index  W 

a a 


d 5{C 

In  particular,  if  a e H (B,  A)  and  index  A=  k , fora  classifying  map 

a 


f : W/G  - B 


jjc  k + 1 m 

we  have  f (a  ) = 0 . Choose  m > d(k+l)  . Using  the  fact  that  Em  is 
compact,  we  can  find  a closed  invariant  neighborhood  N of  A.  in  X 
(N  C V)  such  that  Em  x N C W . Now,  using  the  diagram 
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and  the  fact  that  Hq(Em  xQ  N)  « Hq(E  xQ  N)  for  q < m we  see  that  the 
classifying  map 

f : E xG  N - B 
$ lc+1 

has  the  property  that  f (a  ) = 0 and  hence 

* 4= 

index  N = index  E x N = index  E x A = index  A . 

CL  CL  OL  Q 

6;  6.  Proposition  (Subadditivity).  Let  X denote  an  object  in  3L 
and  A and  B closed  invariant  subsets  of  X such  that  X = A U B . 

Then, 

index*  (AU  B)  < index*  A + index*  B + 1 . 

Proof. 

index*  (A  U B)  = indexQ  EX  (A  U B)  = indexQ  (ExA)U(EX  B) 

s index  E x A + index  E x B + 1 

a a 

^ index*  A + index^  B + 1 

jjj 

6.7.  Proposition  (Normalization)  index^.  G = 0 

j{{ 

Proof.  By  Lemma  6.3,  index^  G=  index^  G = 0 , using 
Proposition  3.7. 

6.8.  Remark.  The  fact  that  X/G  is  finite  dimensional  will  not 
guarantee  that  index*  X is  finite.  For  this  reason  we  don't  have  a direct 
analogue  of  the  Dimension  Property  3.8.  We  will  explore  this  question 
further,  however,  at  the  end  of  this  section. 

L 
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6.9.  Proposition  (Piercing  Property).  Let  Xe  3 # and  suppose 
X = XQ  U Xj  , where  XQ  and  Xj  are  closed  invariant  subsets.  Suppose 
further  that  A e 3...  and  <p  : A x I — X is  an  equivariant  imbedding,  i.e., 
<p(ga,  t)  = g<p(a,  t),  g e G , a e A , t e I = [0, 1]  . We  assume  also  that 
<p( A x I)  is  closed  in  X . If  AQ  = <p( A x {0 } ) C X and 

Aj  = <p( A x {l})  C Xj  , then 

index*  <p( A x I)  fl  X„  fl  X,  = index"  A 
a '01  a 

Proof.  If  (p  : A x I — X is  an  equivariant  imbedding, 
lXiprEXAXl— - Ex  X is  also  and  we  apply  the  Piercing  Property 
Proposition  3.9  to  this  situation  to  obtain 

index  E X [(p(A  x I)  fl  X„  fl  X, ] = index  (E  x A) 
a 0 IJ  a 

which  gives  the  desired  result. 

6.10.  Corollary.  If  in  Proposition  6 .9,  we  assume  only  that  <p  is 
an  equivariant  map  (not  necessarily  an  imbedding)  then 

index^  <p( A x I)  Cl  Xq  H X^  s index^A 

Contrary  to  the  free  situation,  where  index  X is  finite  when  the 

a 

dimension  of  X is  finite,  index^X  may  be  infinite  even  when  X is  compact 
and  finite  dimensional.  In  fact,  consider  the  case  where  the  Lie  group 
G = , the  circle  group,  and  we  take  as  coefficients  A = $ , the  additive 

group  of  rationals.  Furthermore,  let  a e H*- ( <E P°° ; CP)  , denote  a generator. 
Suppose  X e 3*  has  a non-empty  fixed  point  set  F C X , i.e.  x e F , 
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if  and  only  if,  gx  = x for  every  g e • Then,  on  one  hand 

index*  F ^ index*  X 

a a 

and  furthermore  E x^,  F = B x F , where  E = S°°  , B = (EP°°  , and  the 
diagram 

E x F » E 

4 ♦ 

B X F 2 > B 

where  p = projection,  tells  us  that  p*  : H*(B,  Q)  — H (B  x F)  is  an 
injection  so  that  p (a  ) / 0 for  all  k > 1 , forcing 

}•{ 

index  F = oo  = index  X 

a a 

Thus,  index  X may  not  prove  useful  in  the  presence  of  fixed  points  belonging 

U 

to  X . However,  index^X  is  finite  quite  often,  in  particular  when  the 
isotropy  groups  are  finite.  Recall  that  for  x e X , the  isotropy  group  Gx 
is  defined  by 

Gx  = {g  e G : gx  = x} 

Thus,  Gx  = G implies  that  x <r  F , the  fixed  point  set  of  the  action. 

6.11.  Lemma  . Suppose  X?3^  and  all  the  isotropy  groups 

G , x c X , are  finite.  Then,  the  map  7 : E x_  X -X/G  , induced  by 
x G 

projection  j : E x X — X , induces  isomorphisms 


7*  : Hq(X/G,  <p)  - Hq(E  xG  X,  Q) 


i 
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in  all  dimensions  q , over  the  field  of  rationals  Q . 


Proof. 

convenience. 


The  proof  we  give  is  standard  and  is  included  for  the  reader's 
We  again  make  use  of  the  filtration 


E1  C E2  C 


C Em  C Em+1  C 


of  our  universal  total  space  E as  in  the  proof  of  Proposition  6.5. 
We  consider  the  diagram,  for  each  m , 


Em  x X 


Em  xQ  X 


.m 


rm 


->  X 


->X/G 


Note  that  j m (induced  by  the  projection  jm)  is  a closed  map  because  Em 

~m 

is  compact  and  furthermore  the  preimage  sets  (fibers)  of  j are  all  of  the 
form  Em/G  , where  G is  a finite  isotropy  group.  Applying  the 

X X 

Vietoris-Begle  mapping  theorem  [17]  and  noting  that  Hq(Em/Gx,  <P)  = 0 
for  q < m , we  have  isomorphisms  induced  by  j 

Hq(X/G,CP)  - Hq(Em  xQ  X,<P)  q < m . 

!« 

Then,  j is  just  the  composition  of  this  isomorphism  and  the  isomorphism 
Hq(Em  XG  X,  $ ) » Hq(E  XG  X,  Q ) q < m . 

We  are  now  in  a position  to  state  the  analogue  of  the  "dimension 


1 

1 j 


property".  Proposition  3 .8 . 
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6.12.  Proposition  (Dimension).  Suppose  X e 3^  and  all  the 
isotropy  groups  Gx  are  finite.  Let  dim  X/G  denote  the  covering 
dimension  of  the  orbit  space  X/G  . Then,  over  the  rational  field  CP  , 

(index*  X)  (dim  a)  ^ dim  X/ G . 

Proof.  We  may  assume  dim  X/G  < co  . Then,  by  the  above  lemma, 

Hq(E  x X,Q)=  0 for  q > dim  X/G  • Thus,  if  a e H (B,  <P)  , and 
G ' 

f : E X~  X — B is  a classifying  map,  we  have  f (a  ) = 0 for  kd  > dim  X/G  . 
G 

Thus, 

(index^  X)  (dim  a)  ^ dim  X/G  . 

6.13.  Remark . Note  that  under  the  hypotheses  of  Proposition  6.12, 
we  have  for  m > dim  X/G  , 

sjc  m 

index  X = index  E x X . 

a a 

In  fact,  this  equality  holds  for  m sufficiently  large  whenever  index^  X 
is  finite. 

6.14.  Perhaps  the  simplest  criterion  for  X/G  to  be  finite 
dimensional  is  obtained  under  the  hypothesis  that  X is  a separable  metric 
space.  Then,  X/G  is  again  a separable  metric  space  and 

dim  X/G  £ dim  X (see  [26]),  so  that  X/G  is  finite  dimensional  whenever 
X is  . 

6.15.  Just  as  in  the  free  case  it  is  sometimes  convenient  to  increase 


the  index  by  one  and  set 
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r 


. 


Index^  X = indexV  X + 1 . 

q a 

5|C  5jC 

It  is  a simple  matter  to  restate  the  properties  of  index^  in  terms  of  IndexQ  . 
The  monotone,  continuity  and  piercing  properties  are  verbatim  the  same, 
just  capitalize  the  i . Just  as  in  the  free  case,  we  have  the  following 
alterations  in  the  others . 

(Subadditivity)  Index*  (A  U B)  s Index*  A + Index*  B 

a a a 

(Normalization)  Index^  G = 1 

(Dimension)  (Index^  X)  dim  a ^ dim  X/G  + dim  a 

whenever  X has  only  finite  isotropy  groups. 

6.16.  Remark . We  close  this  section  with  a simple  observation 
to  be  used  later.  When  Index^  X > 1 and  all  the  isotropy  groups  Gx 
are  finite,  then  X/G  must  be  an  infinite  set. 


4 
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7.  Some  Special  Cases 

We  consider  now  three  examples  which  will  be  employed  in  our 
applications.  Throughout  this  section  our  Lie  group  G is  the  circle  group 
S1  and  thus  our  category  3^  is  paracompact  spaces  with  an  S^-action. 
Furthermore  our  universal  S^-bundle  (E,p,B)  is  the  inductive  limit  of  the 
classical  Hopf-fibrations 


3 5 

S C S C 


2 *2 
S C (EP  C 


c s2n+1  C 


C (EP 


i.e.  E = S°°  and  B=  CP”  . Notice  also  that  if  X is  an  S^space  and 
x e X , either  the  isotropy  group  G is  finite  or  G = S^  . We  employ 
rational  coeificients  (Q  for  cohomology  and  Q will  not  be  displayed  when 

rational  coefficients  are  understood.  Finally,  our  index  theory  will  be 

2 2 

based  on  the  universal  Chern  class  c^  e H (CD P , 2£)  and  so  we  choose 
c e H^CP00)  corresponding  to  this  class.  Following  the  notation  in 
section  4 set 

Index*  X = Index*  X , Xe  3* 

CL  c * 

7.1.  Notation.  Given  a G-space  X,  set 
Fix  (X)  = {x  : gx  = x , g e G)  . Fix  (X)  is  thus  the  set  of  points  fixed 

Q 

under  the  action.  (It  is  also  denoted  by  X in  the  literature.) 


k...  » 


J 
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7-2.  Proposition.  If  X € 3^  and  the  orbit  space  X/S1  is  finite 
dimensional  (e.g.  X is  separable  metric  and  finite  dimensional),  then 
Index^,  X is  finite  if  and  only  if  Fix  X = <P  . 

Proof.  This  is  immediate  from  Proposition  6.12  and  remarks  made 
preceding  this  proposition. 

Just  as  in  the  free  case  (§4),  Index^  satisfies  a stability 
condition  which  we  formulate  as  follows.  Let  X » S1  denote  the  join  of 
X e 3^  with  and  let  k denote  a non-zero  integer.  Define  an 
action  on  X«S*  by 

k 1 

g(x,t,  z)  = (gx,  t,  g z)  , xeX,  zeS  , tel 
where  g z is  ordinary  multiplication. 
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where  a simple  computation  shows  that  Index^  S*  = 1 and  where  S is 
given  the  action  gz  = g z , k / 0 . 

Now,  use  the  diagram  of  Gysin  sequences  as  in  4.3  with  the 
following  replacements 

replace  X by  E x X 

replace  X by  E Xgl  X 

replace  B by  EX  (X  ° S*) 
replace  B by  E Xgi  (X  ° S*) 

to  show  that  the  inequality  Index^  X=  Index^  X ° S is  impossible. 

Example  1 

Let  <DN  denote  the  space  of  k-tuples  (c^,  • • '/CjJ  with  entries 
c e <En  , where  Cj  may  be  thought  of  as  an  n-vector  over  the  complex 
field  C • Thus  N = nk  . For  a given  k-tuple  of  non- zero  integers 
(rij,  * • • , n^)  , the  circle  group  S1  acts  on  by 

nl  nk 

g(ci# " ''ck) = (9  ci»  " •# g ck> 

Then,  for  every  invariant  set  X C <T^  = <E^  - 0 , Index^.  X is  defined  and 
or  this  category  of  invariant  subsets  of  (E.,t  , Index^  satisfies  all  the 

properties  of  Index  discussed  in  section  6 as  well  as  the  stability 

a 

property  (Proposition  7- 3) . In  particular,  for  X C (C^  , 
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2 Index^,  X ^ dim  X + 2 

so  that  our  index  is  finite  over  invariant  subsets  of  (D^  . 

We  compute  first  the  index  of  the  unit  sphere  S = S2^  * in  (T^  . 
By  definition. 

Index  1 S = Index  Ex  S 
<E  c 

where  c is  the  first  rational  Chern  class.  To  compute  the  R.H.S.,  we 
use  standard  techniques  as  follows.  Consider  the  bundle  map 

/N 

E X S 2 > E 

v ▼ 

E X i S 2 ^ B 

S1 

where  p is  induced  by  equivariant  projection  f>  . Then,  notice  that  the 
fiber  of  the  fiber  map  p is  a (2N-l)-sphere.  Using  the  Gysin  sequence 
[17] , we  conclude  that  (for  any  coefficients) 

* 

Hi(B) 2- H1  ( E x i S) 

S 

is  an  isomorphism  for  i < 2N-1  . Thus,  Index^  S ^ N . On  the  other 
hand,  using  Lemma  6.11,  we  have  isomorphisms 

7*  : H^S/S1) > Hq(E  x , S) 

S1 

and  since  H^fS/S1)  = 0 , we  have  H2N(E  x , S)  = 0 . Thus, 

S 


It 
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Index^  S ^ N 

and  we  have  verified 

7-4. 

Proposition . 

r a * o2N-l 
Index^  S = 

N . 

7.5. 

Corollary. 

Index  <E^  = N . 

7.6. 

Corollary. 

Let  K denote  an 

invariant  linear  subspace  of  <E^ 

of  (complex)  dimension  k , then  Index^,  = k , where  = K - 0 . 

7-  7-  Corollary.  Let  K denote  an  invariant  linear  subspace  of  (CN 
of  dimension  k and  let  X C (D.^  denote  a closed  invariant  subset  such  that 
k + Index^j,  X > N . Then  Xfi  K ^ 0 . More  precisely 

Index^.  X H K s Index^  X - (N-k)  > 0 . 

Proof.  Let  K"1  denote  the  orthogonal  complement  of  K.  K"1"  is 
invariant  and  the  orthogonal  projection  tt  ; — K1  is  equivariant. 

By  continuity  (Proposition  6.5),  there  is  a closed  invariant  neighborhood  A 
of  X H K in  X such  that  Index^,  X 0 K = Index^,  A . Let  B denote  X minus 
the  interior  of  A (in  X).  Then,  /r  | B : B — tells  us  that 
Index^  B ^ N - k and  hence  using  subadditivity 

Index^,  X £ Index^.  X H K + (N-k) 
which  is  the  desired  result. 

Before  we  consider  the  index  of  the  boundary  of  an  invariant  neighbor- 
hood, we  make  one  more  comment.  Let  cat  X denote  the  Ljusternik- 
Schnirelman  category  of  X . Recall  that  cat  X = X , if  X can  be  covered 


by  X open  sets  each  of  which  is  contractible  in  X and  X is  minimal  with 
this  property. 

7-8.  Corollary,  cat  S/S*  = N . 

Proof-  The  remarks  above  show  that  S/S1  has  non-trivial  cup 
products  of  length  N-l  , so  that  cat  S ^ N . To  see  that  cat  S s N 
we  proceed  by  induction  on  N , representing  S as  N-tuples 
(Xi,'-*,XN),  x.  e C , 2x.x.  = 1 . Let  A denote  the  orbit  containing 
(0/°,  •••,!)•  Then,  by  induction  cat (S-AJ/S1  = N-l  . On  the  other  hand, 
S/S1  is  an  ANR  ([27]),  so  that  S/S1  is  locally  contractible  at  the  point 
corresponding  to  the  orbit  A.  Thus,  cat  S/S1  s N so  that  our  proof  is 
complete. 

7.9.  Proposition  (Boundary  of  Invariant  Neighborhoods). 

Let  M e 3*  denote  an  orientable  2N-manifold  and  U an  open 

invariant  set  in  M with  compact  closure.  Let 

0 : (U,9U)  (CN,(I*)  be  an  equivariant  map  of  non-zero  degree. 

* 

Then,  Index^^U  = N. 

Proof . Just  as  in  Proposition  4.6,  we  assume  that  0 is 

defined  on  an  equivariant  neighborhood  V of  U and 

-1  N 

<0  (S)  = 9u,  where  S is  the  unit  sphere  in  (E  . Thus,  we 

N N 

have  $ : (V,V  - 9U)  (<E  ,(C  - S)  and,  by  assumption,  0 has 

non-zero  degree  6,  i.e.  if  o^  e H2n1V,V  - 9U)  , 

N N 

o_  € H _ ( (E  ,(E  - S)  are  fundamental  classes,  ^*(o.)  = 6o_.  The 

Z ZN  * 1 Z 

map  0 also  induces  a map 
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N 00 

p = lxtp:ExV-*Ex(T,  E - S 

and  it  suffices  to  show  that  for  m sufficiently  large 

^ : sm  * , 9U  + Sm  x s 

0 S 1 S1 

induces  an  injection  in  rational  cohomology  in  dimension  2N  - 2. 

Now,  if  U is  a fundamental  class  of  the  sphere  Sm,  let 

°!  <=  Hm+2S(S"  x (V.V  - 3W),  o2e  Hm+2N(SI"  « - S) ) 

denote  fundamental  classes  corresponding  to  v x , u x o2, 

* __  _ - 

respectively.  Then,  = ^°2  anc^  transfer  maP 

t : H (Sm  X 3U,C)  -*■  H (S  x s,©)  applies  to  force 

: H*(Sm  x s , ©)  -*■  H*  (Sm  x 3u,©)  to  inject  in  all  dimensions. 
Now,  we  look  at  the  bundle  map 

Sm  x s 

sm  X s 
s1 

and  proceed,  just  as  in  the  proof  of  Proposition  4.6,  via  a 
Gysin  sequence  argument  over  the  rationals.  Keep  in  mind 
that  the  action  of  S1  on  3U  has  all  isotropy  groups 

★ rn  * I 

finite  so  that  H (S  x ^3U,©)  = H (9U/S  ,©)  • In 


X 


rj  rn 

particular,  II SS 


3U,fi) 


since  dim  8U/S  < 2N  - 2 . 


0 for  q ^ 2N  - 1, 


Example  2 

This  example  is  similar  to  Example  1 except  that  we  allow  fixed  points. 
Let  (EM  denote  the  space  of  (k+l)-tuples  (cQ,  Cj,  • • • , ck)  with  c.  e (En 
so  that  M = (k+l)n  = N + n , where  N = nk  and  (E^  , as  in  Example  1 , 
is  naturally  imbedded  in  (E^  . For  a given  k-tuple  of  non-zero  integers 
(n^,  • • •,  n^)  , we  define  an  action  of  the  circle  group  on  <E^  by 

gfc^Cj,  .../C]c)  = (c0,g  lclt  --^g  kC]<) 

so  that  the  0-th  coordinate  remains  fixed.  Then,  the  fixed  point  set 
F = Fix(C^)  of  this  action  is  the  subspace  given  by  c.  = 0 , i > 1 . 
Furthermore,  the  invariant  subspace  (EN  , defined  by  cQ  = 0 , is  precisely 
Example  1.  For  any  invariant  subset  X C <EM  , just  as  in  Example  1 , 
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Index^,  X = Indexc  X 

where  c is  the  first  (rational)  Chern  class.  Thus,  we  have  a index  theory 
on  the  invariant  subsets  of  (E^  satisfying  the  properties  in  Section  6 , but 
which  is  not  finite  on  sets  which  intersect  the  fixed  point  set  F . However, 
in  the  complement  of  F things  still  behave  nicely.  The  projection 


(cQ,  Cj,  • • • , ck)  H 


(Cj,  • • • , ck) 


takes  CM  - F equivariantly  onto  and  this,  together  with  the  inclusion 

map  in  the  other  direction  tells  us  that 

7.10.  Proposition. 

* M * N 

Index q,  <X  - F = Index^  (E^  = N 

Now,  let  denote  the  unit  sphere  in  dM  , S the  unit  sphere 

in  <E^  , as  in  Example  1,  and  Fq  = F n . Fq  is  then  the 

(2n-l)-sphere  given  by  cqCq  =1,  c^=0,  i>l.  Clearly  S C S2^ 

and  t]  above  induces  an  equivariant  map 


~ . s^'1  - F 


S 


by 


(c0»  ci»  * * * , = ^ cicV 


- , 2 


(c.,  •••,ck) 


7.11.  Proposition.  Let  A denote  any  invariant  subset  of  S' 


2M-1 


such  that  FQ  C A C S2M_1  - S . Then, 
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Index ^ S2M  1 - A = Index"^  S = N 
Proof.  Use  rj  and  Proposition  7*4  . 

7-12.  Proposition.  (Boundary  of  Invariant  Neighborhood  of  0). 
Let  U denote  a bounded  open  invariant  set  in  (T^  containing  the  origin 
0 e (D1^  • Then  if  9U  denotes  the  boundary  of  U , we  have 

Index*  (9U-F)  = N 

Proof.  Let  V = U D <E^  . Then  Index^.  9V  = N . Since 
9V  C i'U  - F , we  have  Index ^ (9U-F)  ^ N . On  the  other  hand 
rj(9U-F)  C S so  that  Index^  (9U-F)  s N . 

7.13.  We  close  this  section  with  a few  remarks  concerning 
Ljusternik-Schnirelmann  category.  First  of  all,  rj  above  is  an  equivariant 
homotopy  equivalence  and  hence 

a)  cat(S2M-1-F0)/S1  = cat(S/S')=  N 

For  e > 0 , let  V£  denote  the  e-neighborhood  of  FQ  in  (E1^  , i.e. 

V£  = {c  e 0M  : ||  c — p ||  < e for  some  p e FQ} 

Then,  rj  : * - V£ > S remains  an  equivariant  homotopy 

equivalence  and 

b)  cat(S2M-1-F)/S1  = catfS/S1)  = N 
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More  generally  if  cat^A  denotes  the  category  of  A in  X (open  sets 
covering  A are  in  X and  contractions  are  in  X)  , then  for  any  invariant 
set  ACS  we  have 


c)  cat^A  = catyA  = catzA 


where  A=  A/S1  , X=  S/S1  , Y=  (S2M_1  \FQ)/Sl  and  Z=  (S2M_1  - V£)/S1 


Now,  the  function  Y(A)  = cat^A  , defined  on  invariant  subsets  of 


g2M  f where  Y = (S21^  1\F(J)/S1  , satisfies  many  of  the  properties 


of  Index!,  e.g.  monotonicity,  continuity  and  subadditivity.  However, 
CL 


we  are  not  sure  how  Y behaves  in  relation  to  the  piercing  property 


(Prop.  6.9)  (we  conjecture  against  it)  and  this  is  one  of  the  reasons  why 


Index^,  is  better  suited  to  our  techniques. 


Example  3 


Examples  1 and  2 are  finite  dimensional  versions  of  the  following 
infinite  dimensional  example.  First,  we  identify  as  usual  the  reals  mod  Zn 
with  S1  (t  - — ► e11)  and  we  denote  by  W1'2  (S1)  the  Hilbert  space  of  real 


i • dz 

valued  functions  z : S ]R  such  that  z and  z = are  square 


integrable  with  inner  product 

(zl'  zZ)  ~ Tir  X fzlz2  + zlz2^  dt 


Zn 


S1  acts  on  this  space  W1,2(S1)  as  follows.  For  g e S1  set 


(gz)  (elt)  = z(gext) 
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L . 


it  . 


where  ge  is  ordinary  complex  multiplication.  Alternatively,  the  action 
may  be  written 


(L0z)(t)  = z(t+  9) 


i A 1 

where  9 corresponds  to  g = e e S and  L is  the  linear  transformation 

d 


corresi 


jponding  to  the  action  of  the  element  g on  This  space 

12  1 °°  t 

W1 ' (S1)  can  be  identified  with  the  space  of  Fourier  series  V cnein 

— 00 

subject  to  the  conditions 


2 2 

H-n=cn'  S <1+n  )lcnl  < 00  ' cn  e 1 1 

— 00 

12  1 

Consequently,  W ' (S  ) can  be  identified  with  the  space  of  infinite 
sequences  (Cq,  c^,  • • • , c^,  • • • ) subject  to  the  conditions 
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7-14.  We  close  this  section  with  a few  comments  concerning  the 
analogue  of  section  5,  in  the  non-free  case.  Let  ft  denote  any  normed 
linear  space  over  (D  . Then,  any  action  on  ft  induces  an  index  theory 
Index^j.  on  the  family  £ of  invariant  subsets  of  ft  . Furthermore,  the 
function 


Index^  : £ 


IN 


possesses  properties  analogous  to  those  in  Theorem  5.1,  with  some  obvious 
changes.  We  leave  the  formalities  to  the  reader. 
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8.  An  application 


In  this  section  we  shall  show  how  the  index  theory  of  sections  fe  and  7 
can  be  applied  to  study  the  bifurcation  of  time  periodic  solutions  from  an 
equilibrium  solution  for  Hamiltonian  systems  of  ordinary  differential  equations. 

Let  p(q  - Rn  and  H = H(p,  q)  e C2(IR2n,  R)  with  H(0,0)=0, 

Hp(0,0)  = 0 = Hp(0,0)  . Consider  the  Hamiltonian  system  of  ordinary 
differential  equations  : 


= _H  dfl  H 

dt  q ' dt  rtp 


Letting  z=(p,  q)  and  <?  = ( j g)/  (8-1)  can  be  rewritten  as 


(8.2) 


dz  _ ru 


Our  assumptions  on  Hz(0)  imply  that  (8.2)  possesses  the  trivial 
equilibrium  solution  z = 0 which  is  periodic  with  any  period.  Of  interest 
is  the  existence  of  small  nontrivial  periodic  solutions  of  (8.2).  The 
Lyapunov  Center  Theorem  is  an  old  result  of  this  nature  [28]  . To  state  it, 
observe  that  if  (8.2)  is  linearized  about  z = 0 , the  resulting  equation  is 


(8.3) 


W*  *HZZ(0)W 


The  Lyapunov  result  then  says  that  if  £ Hzz(°)  possesses  purely  imaginary 
eigenvalues:  + £,1#  ± C2«  ' ’ ’ * ± Cn  and  if  is  not  an  integer  for  j/1, 
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a family  of  periodic  solutions  with  periods  near  2/t  bifurcates  from 


z = 0 . 

Lyapunov's  irrationality  condition  on  the  eigenvalues  of  ^ Hzz(0)  was 
eliminated  by  A.  Weinstein  [10,29]  who  assumed  instead  that  H22(0)  is  a 
positive  definite  matrix.  He  then  showed  that  for  all  small  e > 0 , the 
manifold  H = 6 contains  at  least  n distinct  periodic  orbits  whose  periods 
are  near  those  of  the  linearized  problem  (8.3). 

Recently  J.  Moser  [11]  generalized  and  simplified  Weinstein's 
result,  relaxing  in  particular  the  assumption  that  H (0)  be  positive 
definite.  More  precisely,  Moser  showed  that  if  ]R2n  = Ej  <+  E^  where  Ej 
and  E-,  are  invariant  subspaces  for  (8.3)  , if  all  solutions  of  (8.3) 
with  initial  data  in  have  a common  period  T > 0 while  no  solutions  of 
(8.3)  in  E2-{0)  have  period  T,  and  if  Hzz(0)  is  positive  definite  on 
E1  , then  for  all  small  e > 0 , (8.1)  possesses  at  least  j dim  E1 

distinct  periodic  orbits  on  H = e whose  periods  are  near  T . 

Observe  that  both  the  Weinstein  and  Moser  results  provide  lower 
bounds  for  the  number  of  distinct  periodic  solutions  of  (8.1)  on  H = 6 . 

In  contrast  in  this  section  we  will  use  the  index  theory  of  sections  6 and  7 
to  obtain  lower  bounds  for  the  number  of  distinct  small  nontrivial  periodic 
orbits  of  (8.1)  as  a function  of  the  period.  This  procedure  will  be  carried 
out  under  more  general  hypotheses  than  those  considered  by  Moser.  Given 
the  index  theory  of  section  6 and  7,  the  techniques  we  use  to  find  the 
periodic  solutions  and  the  results  we  obtain  are  closely  related  to  our 
earlier  paper  [1]  . However  we  will  give  a self  contained  development  here. 
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Our  main  result  is  : 

Theorem  8.4  ; Let  H e CZ  (R2n,  R)  with  H(0)=0,  H (0)  = 0 . Let 

RZn  = © E-,  where  E^  and  E^  are  invariant  subspaces  for  the  flow  given 

by  (8.3).  Suppose  all  solutions  of  (8.3)  with  initial  data  in  E^  are  T 
periodic,  no  solutions  of  (8.3)  with  initial  data  in  E.,-{o}  are  T periodic, 
and  there  are  no  equilibrium  solutions  of  (8.3)  in  Ej-{0}  . If  the 
signature  2v  of  the  quadratic  form  (Hzz(0)  t,,  t,)  , U E|  , is  nonzero, 
then  either:  (i)  0 is  a nonisolated  T- periodic  solution  of  (8.1)  ; or 
(ii)  there  exist  a pair  of  integers  k,  m > 0 with  k + m ^ ] v | , and  a left 

neighborhood,  Jp  , and  a right  neighborhood,  , of  T in  R such  that 

for  all  \ £ j g (resp.  Jr)  , (8.1)  possesses  at  least  k (resp.  m) 

distinct  non-trivial  x-periodic  solutions. 


Remark  8.5;  That  the  signature  is  even  follows  from  the  hypotheses  on  Ej  . 

A more  precise  count  of  the  number  of  distinct  nontrivial  solutions  for  fixed 
X will  be  given  in  the  course  of  the  proof  of  Theorem  8.4.  See  Theorem  8.48 
and  Corollary  8.51.  Observe  that  under  Moser's  hypotheses,  since 
Hzz(0)  is  positive  definite  on  E^  , (8.3)  possesses  no  equilibrium  solutions 

in  E^—  {o}  and  v = j dim  E^  / 0 . Thus  our  result  applies  to  his  case. 

While  completing  the  final  draft  of  this  paper  we  learned  of  the  work 
of  Chow  & Mallet- Paret  [12]  who  have  obtained  a special  case  of  Theorem 
8.4  for  (8.1)  where  E1  = {(z1#  • • • , zr<  0,  • • -0,  zn+J,  • • • , zn+r<  0,  • • *0)}  and 
H restricted  to  Ej  has  the  form 


F,.2 


+ z 


j = l 


n+j 


-i.F 


+ z 


j = £+1 


n+j 


+ o (|  z|  ) 
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This  form  for  H on  E^  implies  the  hypotheses  required  of  are 
automatically  satisfied  with  T = and  2 rr  is  the  minimal  period  for 
solutions  of  (8.3)  in  E^  . This  has  the  effect  of  inducing  a free 
action  on  our  problem  making  it  tractable  by  a simple  extension  of  the  index 
theory  of  [1]  . Chow  and  Mallet-Paret  also  have  some  more  refined  results 
when  H is  analytic. 

The  proof  of  Theorem  8.4  will  be  carried  out  in  several  steps.  The 
basic  idea  is  to  convert  the  problem  to  that  of  finding  critical  points  of  a 
real  valued  function  g defined  near  0 in  a finite  dimensional  space  of 
periodic  functions.  Critical  points  of  g then  will  be  obtained  using 
minimax  arguments . 

To  begin,  we  normalize  the  problem  by  fixing  the  period  at  27T  . 

Thus  let  x=  X_1t  . Then  (8.2)  becomes 

(8.6)  z = X^Hz 

where  z = dz/dr  . Any  2n  periodic  solution  of  (8.6)  is  a 27tx  periodic 

? 

solution  of  (8.2).  Observe  that  p = -I  . For  our  later  purposes  it  is 
convenient  to  replace  (8.6)  by  the  equivalent  equation 

(8.7)  £z=-XHz 

Finally  set  3(X,z)  = pz  + XHz  . The  solutions  of  (8.7)  will  be  obtained  as 
the  zeroes  of  3 . To  introduce  the  class  of  functions  in  which  (8.7)  is 
studied,  we  identify  JR/[0,2n]  with  S*  . Let  W*'^(sS  denote  the  real 
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Hilbert  space  of  2tt  periodic  functions  which  have  square  integrable  first 
derivatives  and  let  E = (W*'  2(sS)^r‘  * Then  E is  a real  Hilbert  space  under 
the  norm 

IMl|  = JQ  (1  z(t)|2  + ! z(x)|2)dx 

y 1 2 

Let  Y=  (L  (S  ))  • The  smoothness  assumptions  on  H imply 

3 e C^(R  x E,Y).  Let  u = 2ttt  ^ . The  Frechet  derivative  of  3 with 

respect  to  z at  (M-,0)  is 

(8.8)  3 ( u. , 0)w  = £w  + [Jl  H (0)w 

Comparing  (8.8)  to  (8.3),  we  see  that  3 (n,0)  has  a null  space  h 
of  dimension  2N  = dim  Ej  of  vectors  of  the  form 

N ik  .t 

(8.9)  (t)=  V e ^e. 

j=  -N  } 

2 n 

where  k.  c % , k_^  = -k.  , e.  c ( r , e_^  = e^  , and  is  an  eigenvector 

of  sHzz(0)  . In  fact  h is  isomorphic  to  Ej  , the  isomorphism  being  given 

by  z(t)  = S(t)z(0)  where  z(0)  e Ej  and  S(t)  is  the  semigroup  for  the  initial 

value  problem  for  (8.3).  It  is  straightforward  to  check  that  3z(u,0)  is  a 
Fredholm  map  of  index  zero. 

We  seek  zeroes  of  3 in  R X E for  X near  p and  z near  0 . We 
already  have  the  trivial  family  of  zeroes  {(X,0)|x  e r}  . Using  the  method 
of  Lyapunov- Schmidt,  (8.7)  can  be  reduced  to  a finite  dimensional  problem. 
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(We  do  not  use  the  same  finite  dimensional  reduction  carried  out  by  Moser 
but  the  analogue  of  [5].)  Let  Ir1"  denote  the  L2  orthogonal  complement 
of  fi  in  E , i.e. 


ir1  = {z  e E|  f (z(t),  w(t))  2n  dt=  0 for  all  w e h} 

0 F 

Let  P and  P1  denote  the  (L2  orthogonal)  projectors  of  E onto  h and  h1 
respectively.  Then  (8.7)  is  equivalent  to  the  pair  of  equations: 


(8.10) 


P3(X,z)  = 0 , Pi3(x,z)  = 0 . 


Any  z e E can  be  written  uniquely  as  z = x + y where  x e h and  yp  r 
Define 


(8.11) 


F(X,  x,  y)  = P1  3(X,  z) 


Then  F(u,0,0)  = 0 and  by  construction  ^^(iijOjO)  is  an  isomorphism  from 
tr1  to  tr1"  fl  Y . Therefore  by  the  implicit  function  theorem,  there  exists  a 
neighborhood  fl  of  (p.,0)  in  IR  x h and  a mapping  <p  e C^(fl  , tr1- ) such 
that  F(X,x,  y)=  0 for  X near  p.  and  z near  0 is  equivalent  to 
y = <p(X,x)  . Moreover  since 


(8.12) 


0 = F(\,  x,  <p(\,  x))  = Fy(X,  0, 0)<p  + o(  ||  x + <p||E) 
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and  F (A.,0,0)  is  an  isomorphism  from  )rL  to  IT1  n Y for  all  X near  a , 

y 

it  follows  that 


(8.13)  cp(\,  x)  = o(  ||  x ||  £) 

at  x = 0 uniformly  for  X near  |i  . 

Thus  to  solve  (8.7)  , it  suffices  to  solve  the  finite  dimensional 

problem 

(8.14)  P3(\,x  + cp(X,x))  = 0 . 

Before  discussing  this  question,  we  observe  some  invariance  properties  of 

our  operators . For  z e E and  de  [0,27t]  , set  L z = z(t+  0)  . This 

0 

defines  an  S1  action  on  E . (See  Example  3 of  §7).  It  is  easy  to  see  that 
3 commutes  with  L , i.e.  3(\,L.z)=  L 3(X,z)  . Note  further  that  both 

V 0 v 

h and  h"1  are  invariant  under  L . It  then  follows  from  (8.11)  that 

6 

F(x,  •)  commutes  with  L.  . The  same  is  true  of  <p(x,  •)  • Indeed 

V 

F(\,x(t)  + y(t))  = 0 , 

where  y=  (p(X,x ) , implies  that 

0 = F(X,x(t+0)  + y(t+0))  = F(\,L0x  + L^y)  . 


J 
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Hence  by  the  implicit  function  theorem  L_<p(X,x)  = <p(X,L  x)  . Following 

V V 

standard  usage,  as  in  earlier  sections  we  will  refer  to  functions  with  values 

in  E , fi  , or  tv*"  that  commute  with  L as  being  equi variant.  The  same 

term  will  be  applied  to  real  valued  functions  d for  which  d(L  (z))  = d(z)  . 

0 

Sets  A such  that  L A = A for  all  0 s [0,27t]  will  be  called  invariant. 

0 

The  next  step  in  the  proof  of  Theorem  3.4  is  to  show  that  the  solutions 
of  (8.14)  can  be  determined  as  the  critical  points  of  an  appropriate  function. 
Some  additional  notation  is  required.  If  z e E , z = (Zj(t),  • • ’/z2n(t))* 

Let  p(t)  = PjZ  = (Zjft),  • * *,zn(t))  and  let  q(t)  = P2z  = (zn+i(^>  " ' • zZn^  ‘ 
Define 


(8.15) 


2n 


g(X,x)=  J [(p(t),  q(t))  - XH(p(t),q(t))]  dt 

0 Fn 


where  z = x + <p(\,x)  and  ( •,  •)  denotes  the  F inner  product. 

Fn 

Thus  g e C (fi  , F)  and  it  is  easily  checked  that  g(\,  • ) is  equivariant. 
Moreover  for  fixed  X , the  critical  points  of  g(X,  •)  satisfy  (8.14). 

Before  showing  this,  it  is  technically  convenient  to  renorm  h by  taking 
the  L norm  on  h which  is  equivalent  to  the  E norm  on  h . Henceforth 


we  denote  the  new  norm  by 


'h  ‘ 


Now  suppose  x is  a critical  point  of  g(\,  • ) . Then  for  all 


% e h , 


L.  I 


(8.16) 

where 

yields 

(8.17) 


(8.18) 

for  all 


(gx(x.x),|)n=  o=  / [(p,pz^(£  + <p  (\.x)t))  n 

0 R 

+ + 9x(\.x)t).  q)  n - X(Hp(p,q),  Pj(|  + <Px(\,x)t))  n 

]R 

“ X(Hq(p,  q),  P2(t  + <PX(\,  x)  £))^n]  dT 
P = Pj(x  + <p(X,x))  and  q = P.,(x  + <p(X,x))  . An  integration  by  parts 


0 =/  [(q  - XH  (p,q),P,(£  + ® (X,x)£)) 

0 p 1 x Fn 


- (P  + XHp(p,q),  P2(£  + <Px(X,x)4))^n]  dx 


/ (3(X,  z),  i + <p  (X,x)  £)  2 dx 

0 x R 


Since  z)  = 0 and  <Px(\,x)i  e IT1-  , (8.17)  implies  that 

2 n 

J (3(X,z),£)  , dx  = 0 
0 Ik  n 


| e h which  is  equivalent  to  (8.14)  . 

Thus  to  solve  (8.7)  , it  suffices  to  find  small  nontrivial  critical 


points  of  g(x,  • ) in  h . If  0 is  not  an  isolated  critical  point  of  g(u,  •)  / 
the  first  alternative  of  Theorem  8.4  obtains.  Hence  for  the  remainder  of  this 
section,  we  assume  0 is  an  isolated  critical  point  of  g(u.  •)  . 
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To  continue  several  preliminaries  are  required.  Consider  the  ordinary 
difierential  equation 

(8.19)  ^ = -gx(d,44  / 4'(°,x)=x 
for  x near  0 in  ft  . By  (8.16)  - (8.18)  , 

(8.20)  gx(\,x)  = P3(X,x  + <p(\,x)) 

so  g is  continuously  differentiable  in  x near  (p.,0)  . Hence  (8.19) 
possesses  a unique  solution  for  all  x near  0 in  ft  . We  will  show  ip 
is  equi variant  . 

Lemma  8.21:  If  V(x)  is  a locally  Lipschitz  continuous  map  of  h to  h 
and  is  equivariant,  the  solution  rj(s,x)  of 

(8.22)  ^ = V(t}),  n(°»x)=x 

is  equivariant  . 

Proof:  Let  w=  L„r|(s,x).  Then 
v 

<8-23>  = V(,'>=v(L9,',  = v(w) 

and  w(0)  = L^x  . Therefore  w(s)  = (s,  L^x)  = L^q  (s,  x)  . 


Ifl 


» 
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Corollary  8.24;  4j(s,x)  is  equivariant  . 

Proof : By  Lemma  8.21,  all  we  need  show  is  that  gx(u,x)  is  equivariant. 
Since  g(p.,x)  is  equivariant, 


(8.25) 


<gx(u,x>,l)n=.  (sx(n,V),V>h 


for  all  i e ft  . It  is  easy  to  verify  from  (8.9)  that  L is  a unitary 

6 

r . “1  * -1 

transformation  so  L = L . Thus  choosing  | = L.  a in  (8.25) 

6 6 0 

yields 

(8-26)  (gx(d»x),  Lj  a)n  = (L0gx(u,x),a)n  = (gx(u,  Lflx),  a)n 

for  all  a e h which  implies  the  equivariance  of  g (u.,x)  . 

Remark  8.27;  The  above  argument  also  shows  that  gx(A,x)  is  equivariant 
for  all  \ near  p.  . 

With  the  aid  of  iHs»x)  , the  neighborhood  of  0 in  n will  be 
constructed  in  which  we  will  find  critical  points  of  g(\,  •)  . 

Lemma  8.28;  There  is  a constant  c > 0 and  an  open  invariant 
neighborhood  Q of  0 in  h such  that 

1°  If  x e Q , |g(u,x)|  < c and  if)(s,x)  e 0 for  all  s such  that 

|g(u,iHs,x))|  < c . 

2°  If  x e 9Q  , |g(u,x)|  = c or  ifi(s,x)e  9Q  for  all  s satisfying 
! g(u,iMs,x))|  s c . 


1 
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Proof : Since  0 is  an  isolated  critical  point  of  gx(u,0)  , there  is  a 


neighborhood  X of  0 in  tl  in  which  0 is  the  only  critical  point  of 
gx(u,  0)  . We  restrict  ourselves  to  X • Let  S+ = {x  e X|  ^(s,  x)  e X for 
all  s > 0}  and  S = {x  e x|i|j(s,x)  e X for  all  s < 0}  . It  is  easy  to 
see  that  at  least  one  of  these  sets  is  nonempty.  In  particular  if  there  are 
points  near  0 where  g(u,-)  is  positive,  S+  / P for  then  we  can  find  a 


sequence  xm  — 0 such  that  g(u,xm)>0  . If  Br  = {x  e h 


|x||n  < r}  , 


then  for  some  small  r , and  all  large  m , the  orbit  ijj(-s,xm)  will 


intersect  9B  at  s = s > 0 . Since  x 
r m m 


0 , S ~“oo 
' m 


A subsequence 


of  iU-s  ,x  ) converges  to  x e 9B  and  our  construction  implies 
^ m m r 


4>(s,x)  e X for  all  s > 0 . A similar  argument  shows  that  S ^ if 


there  are  points  near  0 where  g(u,  •)  is  negative.  Let  x be  near  S , 
say  ||  x - S+  |l  ^ ^ p and  x £ S+  • Then  for  p ^ p + there  is  a b+(  p)  > 0 
such  that  4j(s,x)  will  cross  all  level  sets  g(u.,  •)  = b as  s increases 
provided  that  b s g(u,x)  and  |b|  s b+(  p)  . Similarly  if 
||  x — S 11^  - p — p and  x e S , there  is  a b (p)  > 0 such  that 
4^(s,x)  will  cross  all  level  sets  g(u,  ■) = b as  s decreases  provided  that 


+ 


b s g(u,  x)  and  | b | ^ b ( p)  . Thus  choosing  p = min  ( p , p ) and 


c e (0,  min  b ( p ) , b ( p))  , we  can  take  Q to  be  the  union  of  all  orbit 


segments  iKs,x)  starting  in  Bp  and  lying  between  g(u,  •)  = c and 


g(u, 

unitary,  IJl 


= -c  . Then  Q satisfies  1°  and  2°.  Moreover  since  L is 

6 


Px„ft=  l|x|in  so  if  xe  Bp  , L0xe  Bp 


Hence  Q is  invariant. 


>1*.. 
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Remark  8.29:  The  index  theory  of  §7  is  applicable  to  invariant  subsets  of 
h . For  such  A e h we  set  i(A)  = Index^  A . Since  Q is  equivariant 
and  is  a neighborhood  of  0 in  h with  dim  h = 2N  , it  follows  from 
Proposition  7.7  that  i(3Q)  = N . Set  T1  = S1  n 3Q  . The  indices  of 
these  sets  play  an  important  role  in  determining  the  number  of  critical  points 
of  g(\,  •)  in  Q . The  next  result  gives  an  estimate  for  these  numbers. 

Theorem  8.30;  i(T~)  + i(T+)  > N . 

Proof:  Let  X be  as  in  Lemma  8.28  and  r > 0 such  that  B C X . 

r 

By  the  construction  of  Lemma  8.28  with  X replaced  by  Br  , there  is  a 
neighborhood  of  0 in  H satisfying  l°-3°  of  Lemma  8.28  with  c 
replaced  by  b.  Let  Q*  = {x  e 9Qbi  g(u,  x)  = b}  and 
Qb  = {x  e 3Q b I g( u , x)  = -b}  . If  x e Qb  , there  is  a unique  k(x)  > 0 
such  that  g(u,iH«:(x),  x))  = -c  . Since 

g(u,  i|/(«:(x),  x))  = g(u,  L^  i|j(«:(x),  x))  = g(  p,  4j(k(x),  L0  x))  = -c  = g(  u,  (L  x),  LQ  x) ) 

by  the  equi variance  of  g(p,  •)  and  ijj(s,  •)  , it  follows  that  k is 

equivariant.  Therefore  so  is  the  map  v(x)  = vjj (k(x),x)  and 
— — + 

v e C(Qb,Qc)  (where  Qc  has  the  obvious  meaning).  In  particular 

v(S  fl  Qb)  = T . Hence  by  6.4  and  6.5  , there  is  a neighborhood  U of 

T~  such  that  i(U  n Q~)  = i(T~)  . 

If  r is  sufficiently  small,  v(Qb)  CUD  Qc  for  if  not,  for  all 

r — 0 , there  exists  b —0  and  x_  e B such  that  g(u,x  ) = b >0 
m m m rm  ^ nr  m 

and  v(xm)  e Oc*U  • Along  some  subsequence  we  have  v(xm)  -“W  e Qc 
and  w £ T . However  since  xm  —0  , K(xm)  ~ 03  which  shows  w e T~  , 
a contradiction.  Thus  we  can  assume  v(Qb)  C U fl  Q~  . 


By  6.4, 


(8.31) 


Hence 


i(S"  n Q")  = i(T~)  =£  i(Q~)  ^ i(U  n Q“)  = i(T  ) 


(8.32) 


i(Qb)  = i(T") 


Similarly 


(8.33) 


i(Qj)  = i(T+)  • 


Next  let  x e aQ^—  Qb  • Then  there  exists  a unique  u>(x)  ^ 0 such 
that  g(u,  iM-(x),  x))  = b . An  above  argument  implies  p(x)  = i|j(w (x),  x)  is 
equivariant  and  p e C(9Qb— Qb,Qb)  • Hence  by  6.4 


(8.34) 


iOQb'Q^  ~ i(Qb)  - i^Qb-0^ 


Combining  (8.32)  - (8.34)  and  using  6.6  yields 


(8.35) 


= i(3Qb)  ^ i(Q~)  + i(8Qb-Qb)  = i(T")  + i(T  ) 


Remark  8.36;  The  number  of  critical  points  we  obtain  for  g(X,  • ) in  Q 
depends  on  the  interplay  between  g(x,  .)  near  3Q  and  g(X,  •)  near  0 
The  estimates  Just  obtained  for  i(T~)  are  a quantitative  measure  of  the 


behavior  of  g(p.,-)  near  9Q  and  therefore  of  g(A,  • ) near  9Q  for  X 
near  p,  since  such  a perturbation  does  not  change  the  behavior  of  g ne&r 
9Q  . On  the  other  hand,  the  quadratic  part  of  g(u,  •)  vanishes  identically 
while  for  A =*  p , the  quadratic  terms  in  g(X,  • ) are  dominant  near  0 . 
These  terms  are  governed  by  the  quadratic  part  of  H restricted  to  Ej  . 

We  will  make  these  statements  more  precise  in  what  follows.  To  help 
determine  the  behavior  of  g(\ , •)  near  0 , we  have  the  following  lemma. 
We  are  indebted  to  Mark  Adler  who  assisted  in  the  proof. 


Lemma  8.37:  Under  the  hypotheses  of  Theorem  8.4,  the  quadratic  form 
(Hzz(0K,C)  » U E|  < is  nondegenerate. 


Proof : From  (8.9)  , we  see  £,  has  the  form 


£ = Z ajej 
J=-N  J J 


where  q_j  = cr.  . Therefore 


(8. 38) 


(H  (OR,U=  , L aja,(H(0)e|,e.)i  (Ha,a) 
|i|,  |]|  N 1 J zz  1 J 


where  H. . = (H  (0)e.,  e.)  . Thus  (H  (0){; , t, ) is  nondegenerate  on  E. 

1J  c*  Z,  1 J ZZ  1 

/\  7 m 

if  and  only  if  H has  no  nontrivial  null  vectors.  If  there  is  an  a e C 
such  that  Ha  = 0 , then 


(8.39) 


jfc  N HUaJ  = ° = (Hzz(0)ei'  NaieJ>  = (ei'Hzz(0)e)  , 


U!  * N 


i ik*- 


where  e'  = Y a.e.  . Thus  H (O)e'  is  orthogonal  to  E,  . Since  E, 

|J|£N  3 J ZZ 

is  invariant  under  £Hzz(0)  , ^H2z(0)E1=E1and  Hzz(0)E1  = = -?EX  = 

Thus  Hzz(0)e'=  pe  with  e e E^  and  (8.39)  implies 


(8.40) 


(Elf?e)s  [Ex,e]  = 0 


Since  E^  is  also  invariant  under  £Hzz(0),  [E^E^]  = 0 (See  Moser  [11]). 


Hence  e = 0 and  the  lemma  is  proved. 


Lemma  8 . 41 : If  z e h , 


(8.42) 


/ (H  (0)z(t),  z(t))  dt  = 27T (H  (0)z( 9),  z(  0)) 

‘'q 


for  any  9 e [0,27:]  . 


Proof : Let  H2(z)  denote  the  quadratic  part  of  H(z)  at  z = 0 , i.e. 


H2(z)  = j (Hzz(0)z,z) 


The  elements  of  h are  just  the  solutions  of  the  Hamiltonian  system 
corresponding  to  H^  : 


(8.43) 


z=  U^H2j 


having  initial  data  in  Ej  . Hence  H2(z(t))  is  constant  along  such 
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solutions  of  (8.43)  from  which  (8 .42)  follows  . 

Remark  8.44;  Let  E"t  , E,  denote  the  subspaces  of  E,  on  which  H (0)  is 

1 -i  1 zz 

respectively  positive  and  negative  definite.  Since  if  z e h , z(t)  e Ej  for 

each  t e ]R  , we  see  from  Lemma  8.41  that  (H  (0)z(t),  z(t))  is  independent 

z z 

of  t . It  then  follows  from  (8.9)  that  E^,Ej  are  even  dimensional  with 
dimensions  2(3,  2y  respectively.  Moreover  Lemma  8.37  implies  (3  + Y = N . 
Let  n ,h  denote  the  subspaces  of  li  of  dimension  2p,  2Y  corresponding  to 
E^,Ej  . Note  that  they  are  equi variant. 

With  these  observations,  we  can  determine  the  behavior  of  g(\,  •) 
near  0 . Let 


(8.45) 


H(z)  = H2(z)  + H(z) 


so  H(z)=o(|z|2)  at  z = 0 . From  (8.15),  (8.13),  and  (8.38)  we  have 


(8.46) 


2 n 


g(A,x)=  / [(P^,  P2x)^n  - XH2(P1X,  P2X)]  dx  +o(||x|!2) 


at  x = 0 . Since  x satisfies  (8.43),  on  integrating  by  parts  in  (8.46) 
and  using  the  homogeneity  of  H2  we  find: 


(8.47) 


9(X,x)=  / [j-  (PjX,  P2x)^n  -j(P2x,  PjX)  - XH2(PlX,  P2x)]dx+o(i|xl|2) 

2 7T 

= Jo  % [(Pjx.  H2p(P,x,  P2x))Rn  + (P2x,  H^IPjX,  P^))^) 


- XH2(PjX,  P2x)}  dx  + o( ||  x ||  2) 


2 ii 


= (u-X)  / H^PjX,  P2x)dx  + o(||x|j2) 
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r 


at  x — 0 . Thus  by  Lemma  8.41  and  Remark  8.44,  for  A.  < u , 
g(A,  •)  > 0 on  h+  and  <0  on  h”  in  a deleted  neighborhood  of  0 ; 
if  X > n , these  inequalities  are  reversed. 

Theorem  8.4  is  now  a consequence  of  the  following  two  results  : 


Theorem  8.48;  Suppose  that 

(8.49)  i(T")  > Y 

(resp.  (8.50)  i(T_)  > 0)  . 

Then  there  is  a 6 > 0 such  that  if  X e (u  - 6,  4)  (resp.  X e (u,  4 + 6))  , 
g(\,  •)  has  at  least  i(T~)  - Y (resp.  i(T-)  - 0)  positive  critical  values 
with  a corresponding  number  of  distinct  critical  points,  x(A)  such  that 
x(a)  -*  0 as  X — p • 


Corollary  8 . 51 ; Suppose  that 
(8.52)  i(T+)  > Y 

(resp.  (8.53)  i(T+)  > 0)  . 

Then  there  is  a 6 > 0 such  that  if  X e (p.,  U + &)  (resp.  X e (u  - 6,  u)  , 
g(\,  •)  has  at  least  i(T+)  - Y (resp.  i(T+)  - 0)  negative  critical  values 
with  a corresponding  number  of  distinct  critical  points,  x(X)  , such  that 


x(A)  — 0 as  X — p.  . 


Proof  of  Corollary  8 . 51 ; Replace  g(A,  •)  by  -g(A,  •)  . This  has  the  effect 
of  reversing  the  roles  of  T+  and  T~  and  changing  the  sign  of  the  factor 
(ix  - \)  in  (8.47).  Hence  the  result  obtains  via  Theorem  8 .48  . 

Assuming  Theorem  8.48  for  now,  we  can  finally  give  the: 

Proof  of  Theorem  8.4;  We  assume  0 is  an  isolated  T periodic  solution 
of  (8.1).  Thus  we  must  produce  k , m , , and  «S>r  as  in  the 

statement  of  the  theorem.  Since  v = p - Y / 0 , Y . Without  loss 

of  generality,  we  can  take  f3  > Y and  i(T  ) ^ i(T+)  . If  i(T  ) — P , 
then  (8.49)  is  satisfied  so  by  Theorem  8.48  we  can  take 
J - = (u  - 6 , U)  , <5=0,  k = i(T~)  - Y s v , and  m = 0 . Thus  suppose 
i(T~)  < p . Then  by  Theorem  8.30,  N - i(T+)  < p or  i(T+)>  Y . 

We  claim 

(8.54)  i(T”)  - Y + i(T+)  - Y s v . 

Indeed  by  Theorem  8 . 30  again  , 


i(T~)  - Y + i(T+)  - YsN-2Y  = v . 

Hence  by  Theorem  8.48  and  Corollary  8.51,  we  can  take  = (u  - 6,  6)  , 

Jr  = (u,u  + S),(  k = i(T~)  - Y , and  m = i(T+)  - Y . 

It  remains  to  prove  Theorem  8.48.  The  idea  is  to  obtain  the  critical 
points  of  g(A,  •)  by  taking  the  minimax  of  g(\,  •)  over  appropriate  subsets 
of  0 . This  requires  several  additional  preliminaries.  First  we  construct 
the  desired  subsets  of  Q . 
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Let  6 = {A  e Q|  A is  closed  and  invariant}  . Let  K C T and  define 
$(K)=  {^(s,  x)  | (s,  x)  g (- oo,  0)xK}  . Thus  $(K)  is  a cone  over  K.  Set 
ft  = {x  e C(Q,Q)|X  is  1-1  , equivariant,  and  X(x)  = x if  x e T } . 

For  1<  j < i(T")  , define  Gj  = {X($(K))|Xe  in  , K CT'  , i(K)  > j } . 

By  Corollary  8.24,  $(K)  e £ . Hence  X($(K))  e £ • Lastly  define 

T.  = {A- W|  A e G.  for  some  k,  j < k < i(T~)  , Wee,  and  i(W)  k-j} 

J K 

Lemma  8.55:  The  sets  T.  possess  the  following  properties: 

i°  rj+1  c r.  , l s j < i(T~)  . 

2°  If  X e m and  B e r.  , then  X(B)  e r\  • 

3°  If  B e F.  and  Z e 6 with  i(Z)  ^ m < j , then  B-Z  e r\_m  • 

Prooi ; 1°  is  trivial.  Let  B=  A-W  as  in  the  definition  of  T . 

Then  X(A-W)  = X(A-  W)  = X(A)  - X(W).  Since  A e Gk  implies  X(A)  e Gk 
and  i(X(W))  = i(W)  by  6.4  , X(B)  e T and  2°  is  verified.  To  check  3°  , 
again  let  B = A-  W . Then  B-Z  = A- W-Z  = A-(WUZ).  Since  A e Gk 
and  i(W  U Z)  s k - j + m = k - (j-m)  by  6.6,  B - Z e r_m  . 

With  the  aid  of  these  sets,  we  define 

(8.56)  c.(\)  = inf  max  g(X,x)  , 1 s j s 1(T  ) . 

1 B e T.  xe  B 

We  will  show  that  an  appropriate  subset  of  these  numbers  provides  us  with 
the  critical  values  whose  existence  was  asserted  in  Theorem  8.48. 
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Lemma  8.57:  If  i(T  ) > V and  0 < y.  — X is  small  , then  c^(A.)  > 0 
for  Y < j i(T~)  . 

Proof ; By  1°  of  Lemma  8.55,  Cj  ^ c.+^  . Thus  it  suffices  to  show 
c^dx)  > 0 • For  p sufficiently  small  and  x e 9B  p 0 h+  , it  follows 
from  (8.47)  that 

(8.58)  g(X,  x)  > a(u-X)  p2 

where  a is  a constant  independent  of  p . (In  fact  a is  a multiple  of  the 

smallest  positive  eigenvalue  of  (H  (0)  £,,£)  for  t,  e E,)  . Since 

zz  i 

dim  h+  = 2£  , by  7-7  , i(3Bp  n n+)  = p . Let  Be  TY+1  so 
B = X( $ (K))  -W  with  Kef  , i(K)  = m > Y+l  , and  i(W)  s m - (Y+l)  . 

For  s ^ u depending  on  X and  K , X(4>(— s,  k))  C Bp  . By  the  Piercing 
Property  o.  9 , 

(8.59)  i(X(4,([-w,0]  xK))  0 9Bp)  = i(K)  = m . 

Therefore  by  6.4  and  6.5 

(8.60)  i(B  0 8B  ) = i(  (X($(K))  0 9B  )-W)  > 

P P 

i(X(¥0C))  n 9B  ) - i(W)  2m-m  + Y + l=  y+  l. 

P 

Corollary  7-7  now  implies 


2 

(8.62)  max  g(X,x)  > g(X,  |)  > min  g(X, x)  > a( p.  - X)  p 

x e B x e H h 


Since  (8 . 61)  - (8 . 62)  are  valid  for  all  B e r Y+l  ' it  follows  that 
(8.63)  CY+1  & a(n-\)p2  . 

Corollary  8.64;  If  i(T_)  > £ and  0 < X - p is  small,  then  c.(X)  > 0 
for  £ < j =£  i(T”)  . 

Proof : Same  as  that  of  Lemma  8.57  with  h+  replaced  by  h . 

To  show  that  the  cVs  of  Lemma  8.3?  are  critical  alues  of  g(X,  •), 
requires  a variant  of  a standard  result  from  the  calculus  of  variations. 

Let  A^b  = {x  e Q|g(X,x)  ^ b}  and  = {x  e Q|g(X,x)  = b , gx(X,x)  = 0}  . 

Lemma  8.65:  If  X is  near  p , b e (0,c)  , 1 > 0 , and  U is  any 
neighborhood  of  Kxb  , then  there  exists  an  e e (0,  e)  and 
T}  eC([0,l]  X Q,Q)  such  that 
1°  T)(s,’)ae-C#  s e [0,1  ] 

2°  t|  ( s, x)  = x if  g(  X,  x)  e [b-8,  b+e] 

3°  ti(s,x)  is  a homeomorphism  from  Q to  0 for  all  s e [0,1] 
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K‘-Ax.b+Au>c  Ax.b-e 

If  Ki/b=H,  nd.AXib+e)C  Ax>b.e 


Proof : A proof  of  Lemma  8.65  (without  1°)  for  the  case  in  which  Q is  a 

real  Banach  space  can  be  found  in  [30]  or  [31]  . Thus  we  merely  indicate 

the  modifications  required  here  to  employ  the  earlier  proofs.  To  satisfy  1°  , 

it  suffices  to  obtain  tj  as  the  solution  of  an  ordinary  differential  equation 

of  the  form  (8.22)  where  V is  a locally  Lipschitz  continuous  map  of  h to 

h and  is  equivariant.  Let  w : R+  — R+  be  defined  by  w(r)  = 1 if 

0 < r ^ p , w(r)  =0  if  r > 2 p , and  w(r)  is  linear  between  p and  2 p . 

For  the  moment,  p is  free.  Define  d(x)  = ||  x — 9Q|L  • Then  d(L  x)  = d(x) 

n d 

since  x e 9Q  implies  Lflx  e 9 Q . Set  <p(x)  = w(d(x))  . Thus  y is 

equivariant  and  Lipschitz  continuous  in  Q as  is 

$x)  = -Wx)gx(u,x)  - (l-<p(x))gx(\,  x)  via  Remark  8.27. 

A vector  field  T on  Q = Q\{x  e Q|v(x)  = 0}  is  called  a 
pseudogradient  vector  field  for  v(x)  if  ¥ is  locally  Lipschitz  continuous 
in  Q and 


(8.66) 


f ||f(x)||  — 2 ||  v(x)|| 

\ (T(x),v(x))  > ||  v(x)  || 2 


for  all  x e Q • Since  gx(u,x)  has  no  critical  points  near  9Q  , neither 
does  gx(X,x)  for  X near  p.  . Hence  for  p sufficiently  small,  if  ^ is 
appropriately  scaled  in  (x  e Q|d(x)  <2p}  , V is  a pseudogradient  vector 
field  for  -gx(X,x)  . Multiplication  of  $ by  another  scalar  Lipschitz 
continuous  equivariant  function  as  in  [30]  or  [31]  produces  a V for  which 
the  corresponding  flow  satisfies  l°-5°  . 
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ft. 


Lemma  8.67:  Under  the  hypotheses  of  Lemma  8.67,  CjU)  is  a critical 
value  of  g(X,  •)  , V ^ j =s  i(T')  . Moreover  if 


CJ  = 


= cj+r_i  s b,i(Kxb)^  r . 


Proof ; It  suffices  to  prove  the  second  assertion.  Clearly  K^b  e ft  . 

If  i(K^b)  < r , by  6.5,  there  is  a neighborhood  U of  K^b  such  that 
i(U)  < r . Choose  e = \ b in  Lemma  8.65.  By  that  lemma  with  the  above 
choice  of  U , there  is  an  e e (0,  e)  and  an  n e C([0, 1]  x Q,  Q)  such  that 


(8.68) 


^(1'\,b+e'U)  C \.b-e  * 


Choose  B e so  that 


(8.69) 


max  g(\,x)  as  b + e = c,+  j + e 
x e B 


By  3°  of  Lemma  8.55,  b"“U  e T.  . If  X is  close  enough  to  u so  that 
g(X,x)  < 0 for  x 6 T~  , by  l°-3°  of  Lemma  8.57,  T)(l,  *)  € ^ • Hence 
by  2°  of  Lemma  8.55,  t)(l,B-U)e  r.  . Therefore 


(8.70) 


max. 


g(X,x)  2 b = c. 


x c n(l,  b“  u) 


which  contradicts  (8.68)  - (8.69)  • 

Remark  8 . 71 : A similar  argument  shows  the  c^'s  of  Corollary  8 . 64  are 
also  critical  values  of  g(X,  •)  with  a corresponding  multiplicity  statement. 
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Observe  also  that  if  > 1 , by  Remark  6.16  , contains  infinitely 

many  distinct  critical  points. 

Lemma  8.7 2 ; Under  the  hypotheses  of  Lemma  8.57  for  y < j < i(T-)  , 

let  Xj(\)  e Q be  a critical  point  of  g(X,  •)  corresponding  to  Cj(X)  . 

Then  x^(X)  —0  as  X — p“  . 

Proof : Observe  that  $(T~)  e r , l<js  i(T~)  and  if 
xei(T'),  g(p, x)  < 0 . Since  0 e $(T~)  , 

max  g(p,  x) = 0 

x e $ (T~) 

Moreover  since  g(X,  x)  — g(p,  x)  uniformly  for  xeQ  as  X— p , 

(8.73)  0 < c.(X)  max  g(X.x)  —0 

3 x e $(T~) 

as  X — p . Therefore  along  a subsequences  of  X's  converging  to  p , 
we  have  Xj(X)  — xe  Q with  g(p,x)=  0 and  gx(p,x)  = 0 . Since  0 is 
the  unique  critical  point  of  g(p,  •)  in  Q,  the  result  follows. 

Proof  of  Theorem  8.48  : Immediate  from  Lemma  8 . 67,  Remark  8-71,  and 
Lemma  8. 72 . 
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A general  index  theory  for  Lie  group  actions  is  developed  which 
applies  in  particular  to  subsets  of  a Banach  snace  which  are  invari- 
ant under  the  action  of  a compact  Lie  group  G . Important  special 
:ases  occur  when  G is  zzT^  or  S1.  This  theory  should  be  useful 
for  problems  involving  differential  equations  which  are  invariant 
ander  G,  in  particular  in  obtaining  estimates  for  the  number  of 
solutions  of  these  equations.  As  an  application  a bifurcation  prob- 
lem for  Hamiltonian  systems  of  ordinary  differential  equations  is 
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studied  and  estimates  are  made  on 

bifurcating  from  an  equilibrium  solution. 
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the  number  of  periodic  solutions 


